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Symbol            Description 
𝑎 ...................... Axial depth of cut 
𝑎𝑐𝑟   .................. Critical axial depth of cut 
R, r  .................. Cutting tool radius 
RDOC  ............. Radial depth of cut 
𝑅𝑎 .................... Surface roughness (𝜇𝑚) 
St   ................... Start angle of the cutting tooth  
Ex   .................. Exit angle of the cutting tooth  
   ..................... Instantaneous angle of immersion  
dθ   ................... Incremental angle step 
 j   .................... Cutter rotation angle for jth tooth 
θi j  .................... Current angular position of the tooth j of the current disk i 
γ    .................... Helix angle of the cutting tool edges 
f     .................... Feed rate per revolution 
ft     .................... Feed rate per tooth  
hs    .................... Static chip thickness 
hD   ................... Dynamic chip thickness 
w   .................... Total chip thickness 
τ    .................... Tooth pass period in seconds (time delay ) 
t    ..................... Current time in seconds 
Ω  ..................... Spindle speed (rpm) 
N  ..................... Number of cutting teeth 
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Ft  .................... Cutting force in tangential direction  
Fr   ................... Cutting force in radial direction  
Fa   ................... Cutting force in axial direction  
Fx   ................... Cutting force in x-direction  
Fy   ................... Cutting force in y-direction  
Fz   ................... Cutting force in z-direction  
𝐹?̅?   ................... Average cutting force in tangential direction 
𝐹?̅?   ................... Average cutting force in radial direction 
𝐹?̅?   ................... Average cutting force in x-direction  
𝐹?̅?   ................... Average cutting force in y-direction  
𝐹?̅?   ................... Average cutting force in z-direction 
Ktc   .................. Cutting force coefficient in tangential direction  
Kte   .................. Cutting-edge coefficient in tangential direction 
Krc   .................. Cutting force coefficient in radial direction  
Kre   .................. Cutting-edge coefficient in radial direction 
Kac  .................. Cutting force coefficient in axial direction  
Kae  .................. Cutting-edge coefficient in axial direction 
dF   .................. Differential milling force 
x(t)    ................ Tool tip displacement in x-direction  
xn(t)   ................ Tool tip displacement per tooth pass period in x-direction  
?̇?(t)   ................. Tool tip velocity in x-direction  
?̈?(t)   ................. Tool tip acceleration in x-direction  
y(t)   ................. Tool tip displacement in y-direction  
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yn(t)   ................ Tool tip displacement per tooth pass period in y-direction  
?̇?(t)   ................. Tool tip velocity in y-direction  
?̈?(t)   ................. Tool tip acceleration in y-direction  
𝑐𝑥 , 𝑐𝑦   .............  Damping coefficient of the tool structure in x and y-directions 
𝑘𝑥 , 𝑘𝑦   ............  Stiffness of the tool structure in x and y-directions 
𝑚𝑥 , 𝑚𝑦   ..........  Effective mass of the tool structure in x and y-directions 
g(t)  ..................  Unit step function (tool in cut =1, tool out of cut = 0)  
𝜔   ....................  Tooth pass frequency 
𝜔𝑛𝑥 ,  𝜔𝑛𝑦  .......  Natural frequency of the tool structure in x and y-directions 
yx  ,   ......... Damping ratio of the tool structure in x and y-directions 
 𝜔𝑐   ................. Chatter frequency 
𝜙𝑥𝑥, 𝜙𝑦𝑦  .......... Direct transfer function in x and y-directions 
𝜙𝑥𝑦, 𝜙𝑦𝑥  .......... Cross transfer functions 
[𝜙]  .................. Transfer functions Matrix 
λ  ...................... Eigenvalue of the characteristic equation 
V  ..................... Measured voltage  
𝑉𝑠  ..................... Cutting speed in 𝑚 𝑚𝑖𝑛⁄  or 𝑚𝑚 𝑚𝑖𝑛⁄  
v   ..................... Velocity 
I  ...................... Linear impulse  
L  ..................... Linear momentum 
𝜂𝑖  .................... Mean Signal to noise ratio for i 
th experiment 
𝜂𝑚 .................... Total mean of Signal to noise ratios 
𝑆𝑆𝑃  .................. Sum of the squared deviations due to each process parameter 
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𝑆𝑆𝑇 .................. Total sum of the squared deviations 
𝑆𝑆𝐸  .................. Total sum of the squared error 
𝐷𝑂𝐹𝑃  .............. Degree of freedom of each tested parameter 
𝐷𝑂𝐹𝐸  .............. Degree of freedom of error 
𝜌𝑃 .................... Percentage contribution 
SN  ................... Signal to noise ratio 
MSD  ............... Mean-square deviation 
𝑦𝑖   ................... The observed data 
?̂?  ..................... System response surface 
𝑥𝑖  .................... Machining process parameters 
𝑘  ..................... Number of variables 
𝛽0  .................... The constant term 
𝛽𝑖   ................... Coefficients of the linear parameters 
𝛽𝑖𝑖  ................... Coefficients of the quadratic parameter 
𝛽𝑖𝑗   .................. Coefficients of the interaction parameters 
𝜀   ..................... Noise or error associated to experiments. 
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ABSTRACT 
 
This dissertation outlines research on studying the effects of machining parameters 
such that cutting speed, feed rate, axial depth of cut, radial depth of cut and helix angle on 
system dynamic stability and the surface quality of high-speed milling. With the use of 
structural tool modal parameters, the material cutting force coefficients and the axial 
depth of cut, the system can avoid the chatter phenomenon of the tool at high cutting 
speeds. The surface roughness finish in the milling process is determined by the 
machining parameters and tool structure dynamics. To perform high-speed milling, the 
chance of tool vibration (chatter phenomenon) which affects the cutting tool, must be 
minimized or eliminated. 
 In this research, the linear and nonlinear mathematical force models including the 
effect of the helix angle are presented for an end-milling process. The linear force model 
includes cutting-edge coefficients. The cutting force coefficients are determined for an 
end-milling process using two methods, the average force method and the optimization 
technique method. The second method is developed to identify the cutting force 
coefficients in the milling process by forming the objective functions using the 
optimization technique to minimize the error between the experimental and the analytical 
forces. Moreover, this method produced a good force model that approximates the 
experimental force results, which compared with the average force method.  
The stability lobe diagrams are created using the analytical method to determine 
whether the cut is stable or unstable. In addition, simulations are performed to predict 
stability of the milling process. By comparing simulated and experimental results, the 
  
 
xxviii 
dynamics and stability of the milling operation can be easily identified before performing 
any cutting operation. The slot milling experiments show that while the system in the 
chatter region close to the stability limits and the axial depth of cut increased, the system 
changes from stable chatter to chaotic chatter.  
Furthermore, the nature of bifurcation in milling is investigated by performing 
experiments and simulations. The linear and nonlinear mathematical force models are used 
for simulating end-milling process. Simulated bifurcation diagrams are generated using both 
models and compared to experimental results. In addition, the effect of the feed rate on the 
location of the bifurcation point (start and end of bifurcation) is studied. By comparing 
simulated and experimental results, the simulation using a nonlinear force model is found 
more accurate in predicting the dynamics and stability of the milling operation. 
The applications of Taguchi and response surface methodologies (RSM) are used to 
minimize the surface roughness in the end milling process. Taguchi’s method for 
optimum selection of the milling process parameters is applied based on the signal to 
noise ratio and ANOVA analysis of the surface finish. A second-order model contains 
quadratic terms that have been created between the cutting parameters and surface 
roughness using response surface methodology (RSM). Surface roughness of the 
machined surfaces are measured and used to identify the optimum levels of the milling 
parameters. Based on Taguchi, ANOVA, and RSM analyses, the end milling process can 
be optimized to improve surface finish quality and machining productivity. 
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CHAPTER 1 
INTRODUCTION 
This chapter introduces the high speed machining, chatter in metal cutting, milling 
bifurcation and presents brief background and literature review of research in high-speed 
milling. Section 1.1 describes high-speed machining. Section 1.2 illustrates chatter in 
metal cutting. Section 1.3 describes bifurcation in milling. Section 1.4 presents a brief 
background and literature review of research in high speed machining related to this 
study. The main objectives of this research are given in Section 1.5. Finally, Section 1.6 
outlines the organization of this dissertation. 
 
1.1 - High Speed Machining 
Nowadays, the industry focuses on High speed machining (HSM), due to ability to 
manufacture products at high volume rates. Increasing machining speed the material 
removal rate increases dramatically. The material removal rate is related to the cutting 
speed, feed rate, axial depth of cut and radial depth of cut. In order to increase the 
products rate, this requires a large material removal rate while sustaining the needed 
quality level. Another advantage of cutting materials at high speeds significantly reduced 
the cutting forces due to thermal softening [1]. Carl J. Salomon carried out experiments 
on high speed machining, using helical milling cutters determined that the heat generated 
between the chip and cutting tool increases with increasing cutting speed, up to a 
maximum value and then decreases with further increase in speed [2, 3]. This implies that 
there is a possibility of gaining the advantage of high speeds without the limitations due 
to heat generation [3]. 
  
 
2 
 
1.2 - Chatter in Metal Cutting  
 
Chatter is a self-excited type of vibration that occurs in metal cutting if the chip width 
is too large with respect to the dynamic stiffness of the system [4]. The main reason for 
undesired vibrations at the machine tool or workpiece is an unstable self-excited 
mechanism. It occurs due to a coupling of time-delayed vibrations, left on the outer 
surface of the chip, on current vibrations on the inner surface of the chip and is called 
regenerative chatter [5]. Chatter is easily recognized by the noise associated with these 
vibrations and by the chatter marks on the cut surface [4].  These tool vibrations can 
either be stable (chatter-free vibrations) or unstable (chatter vibrations) depending on 
milling parameters such as spindle speed, radial depth of cut, axial depth of cut, feed rate, 
workpiece material, and tool geometry  [4, 6]. However, the most significant cutting 
parameter which cause of the generation of chatter in milling is the axial depth of cut, a. 
For small chip widths, the cutting is stable, chatter free. By increasing the axial depth of 
cut, the chatter occurs at a certain depth of cut, acr, the critical depth of cut depends on 
the dynamic characteristics of the tool structure. Section 4.3 discusses the analytical 
method of calculating the stability limits. Machining with chatter is mostly unacceptable 
because of the chatter marks on the machined surface [4]. Fig. 1.1 shows surfaces left by 
stable (chatter-free vibration) and unstable (chatter vibration) cuts of an aluminum 
workpiece determined by slot milling processes. 
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Fig. 1.1. Depicts the surface finish of an aluminum workpiece determined by slot milling. Case 
(a) is a surface finish result of a stable cut (chatter- free vibration) . On the other 
hand,  Case (b) is a surface finish result of an unstable cut (chatter vibration). It can 
be easily recognized that, case (a) is better than case (b).               
 
 
1.3 - Bifurcation in Milling  
We often meet equation with parameter 𝜆: 
𝑓(𝑥, 𝜆) = 0 
The following phenomenon has been observed a branch of solutions 𝑥(𝜆) depending 
on λ, is either disappeared or split into several branches, as λ reaches some critical values. 
This kind of phenomenon is called bifurcation [7]. The bifurcation diagram for a milling 
process as a function of the axial depth of cut, a (bifurcation parameter), is given in Fig. 
1.2. Assuming that all milling parameters are kept constant except the axial depth of cut, 
a. Starting the cut at a small axial depth of cut where the tool structure is initially stable 
and increasing bifurcation parameter will result in a single stable equilibrium solution 
that will also be free of chatter vibrations. As the bifurcation parameter, axial depth of 
cut, a, is further increased, the chatter free equilibria solutions will enter the region where 
multiple stable equilibria coexist-both the chatter-free and a chatter-vibration solution. 
Towards the end of this region, the tool will reach the bifurcation point, which will cause 
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a jump in the response of the tool structure to the stable chatter-vibration equilibrium 
solution. The amplitude of the chatter vibrations will then continue to grow with an 
increase in the axial depth of cut, a [8, 9], the stable motion can bifurcate in chaotic 
oscillations as further increasing  of the axial depth of cut [10]. In decreasing case, the 
system initially contains chatter and a, is decreased until the tool vibrations transition 
from chatter to chatter-free vibrations.  The depth of cut at this transition is the 
bifurcation point for a decreasing a.  Due to hysteresis, the bifurcation point for a 
decreasing a occurs at a smaller depth of cut than for an increasing a (this can be seen by 
comparing the stability paths for an increasing and decreasing a in Fig. 1.2). Focusing on 
the region near the bifurcation point, the bifurcation point is shown to be subcritical 
bifurcation in that one stable and two unstable solutions exist when a < a*, and a single 
unstable solution exists when a > a* [6]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1.2. Subcritical bifurcation diagram for a milling process plotted as a function of the axial 
depth of cut, a. Here, x(nτ) represents the amplitude of periodic displacement samples 
found for stable equilibria points (solid blue line), which can be experimentally 
observed. The red dashed lines represent unstable equilibrium points, which cannot 
be observed experimentally [6, 9, 10] 
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1.4 - Background and Literature review 
The following is a brief background and literature review of research in high speed 
machining related to this work. The end-mill tool can be modeled as Machine Tool Vibration 
Analysis where include these subjects: High Speed Milling, milling dynamics, chatter 
detection, chatter prevention, simulation and analytical solutions, slot milling , end milling, 
low radial immersion milling and Bifurcation in milling. This information is helpful in the 
design of the experiments to determine what affects the machining dynamics and surface 
quality.  
Lai studied the effect of axial depth of cut radial depth of cut and feed rate on the cutting 
forces. He found that, when feed rate is increased, the instantaneous chip thickness is 
increased, and forces are increased. That is, when the radial and axial depth of cut are 
increased, the contact area is increased, and the forces become larger [11]. 
Altintas and Lee presented a general three-dimensional model for the mechanics of 
helical end milling. The integrated model is capable of predicting forces. In this model, 
differential cutting forces were integrated numerically [12]. In 2001, Engin and Altintas 
continued the same work with more focus on the experiments to support the mathematical 
models [13]. 
 Liu, Cheng, Webb and Luo improved theoretical dynamic cutting-force model. 
Verification results indicate that the model is suitable for general peripheral milling, when the 
feed rate is larger than the radius of the cutting edge. However, for fine milling, when the 
feed rate is smaller than the radius of the cutting edge, the measured cutting force will be 
greater than the cutting force predicted by the model. This result reveals that the ploughing 
force is dominant in this condition and the general cutting force model is no longer effective 
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[14]. In addition, they performed several case studies which they reveal that the model may 
be very effective in reducing the surface form error due to tool deflection if the flute number, 
the axial depth of cut, the radial depth of cut and the feed rate are selected carefully [15]. 
Kim, Chang, Han, Jang and Oh developed and applied a cylindrical capacitive 
displacement sensor (CCDS) for monitoring end-milling processes. They proposed a 
quantitative estimation of dynamic cutting forces from the measured signals, a mechanistic 
model considering tool deflection, which is derived from the measured spindle displacement 
signal. They verified the model by performing cutting experiments [16]. 
Tsai developed a model for predicting force in end-milling process using geometrical 
analysis. From the geometrical analysis, the cutting forces can be predicted and discussed by 
individual transformation matrix. The influencing factors on cutting forces of end milling are 
depth of cut, direction of feed, instantaneous rational angle and the indentation effect of the 
tool tip [17]. 
Spiewak presented an improved Model of the Chip Thickness in Milling. This model 
extends the range of variables that can be estimated. These new variables, which include the 
specific cutting pressure, ploughing force and the effective tool edge radius, are essential for 
the development of robust and accurate tool condition monitoring systems [18]. 
Li, Liu and Li developed new method for determining the chip thickness. They analyzed 
the true path of a cutter in milling, as a trochoid. Also, compression between both new and 
traditional chip thickness models have been conducted through case studies [19].  
Faassen, van de Wouw, Oosterling and Nijmeijer presented an update model of the 
milling tool path. In most models regarding milling, the cutter is assumed to follow a circular 
tooth path. However, the real tool path is trochoidal in an ideal case, i.e. without vibrations of 
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the tool. This model features an updated model of the undeformed chip thickness. Stability is 
investigated using the traditional and the new model by using the semi-discretization method 
[20].  
Altintas and Budak presented a new method for the analytical prediction of stability 
limits in milling. The method is based on the formulation of dynamic milling with 
regeneration in the chip thickness, time varying directional factors and the interaction with 
the machine tool structure. The stability model requires transfer functions of the structure at 
the cutter - workpiece contact zone, static cutting force coefficients, radial immersion and the 
number of teeth on the cutter [21].  
Li and Li developed predictive time domain model for chatter in milling using a 
predictive milling force model. In this model, cutting forces are predicted from fundamental 
work material properties, tool geometry and cutting conditions, the instantaneous undeformed 
chip thickness is modeled to include the dynamic modulations caused by the vibrations of the 
tool at the current and previous tooth periods such that the dynamic regeneration is taken into 
account. The simulation system has been verified with experimental results [22].  
Davies Pratt, Dutterer and Burns proposed a new stability theory for interrupted 
machining that predicts the stability boundaries. The results of the theory are supported by 
numerical simulation and experiments. It is anticipated that the theory will be relevant for 
choosing optimal machining parameters in high-speed peripheral milling operations where 
the radial depth of cut is only a small fraction of the tool diameter [23]. 
Budak presented an analytical stability model with two degree of freedom system and a 
design method for non-constant pitch cutters. Milling cutters with non-constant pitch can be 
very effective in increasing the chatter free material removal rate [24, 25].  
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Faassen, van de Wouw, Oosterling and Nijmeijer constructed a dynamic model for the 
milling process based on dedicated experiments. The prediction of the chatter boundaries 
were proposed and applied in order to predict the chatter boundaries as a function of process 
parameters such as spindle speed, depth-of-cut, and spindle speed. Finally, the modeled 
chatter boundaries are compared to the experimental results in order to validate the model 
and the stability analysis [26]. 
Mann, Insperger, Stepan and Bayly introduced two alternative analytical methods for 
single degree of freedom model, both based on finite dimensional discrete map 
representations of the governing time periodic delay-differential equation. Stability charts 
and chatter frequencies are determined for partial immersion up- and down-milling, and for 
full immersion milling operations [27, 28]. Also, Insperger used the simi-descratization 
method for investigation of a single degree of freedom model of turning with varying spindle 
speed [29]. 
Solis, Peres, Jiménez, Alique and Monje proposed a new analytical and experimental 
method to obtain the information related to the stability of a machine-tool-workpiece system 
for a milling process. The proposed method determines the transfer function and some 
relevant characteristics of a machine-tool-workpiece system. This method is an extension and 
modification of Altintas and Budak model [30]. 
Govekar, Gradišek, Kalveram, Insperger, Weinert, Stépàn and Grabec investigated 
stability and dynamics of milling at small radial immersion using a long and slender tool. 
Stability boundaries predicted by the Semi Discretization method were composed of two sets 
of lobes corresponding to the Hopf and flip bifurcation. Their experiments confirmed the 
stability predictions [31].  
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Stepan, Szalai, Mann, Bayly, Insperger, Gradisek and Govekar Presented and 
investigated the nonlinear vibrations in the case of period doubling and compared this to the 
well-known subcritical nature of the Hopf bifurcations in turning process. The nonlinear 
analysis of the highly interrupted low immersion milling showed that both the Neimark-
Sacker and the period doubling bifurcations are subcritical [10]. 
Radhakrishnan, Edes and Mann performed an experimental investigation of subcritical 
bifurcations in milling. They discussed the nonlinear behavior of a highly interrupted cutting 
process, which illustrates secondary Hopf and flip bifurcations. Two degree of freedom 
model for low radial immersion in up milling process was experimentally verified to 
investigate the subcritical nature of bifurcation behavior. Also, they predict the stability by 
using the temporal finite element method which forms an approximate solution by dividing 
the time in the cut to a finite number of elements [8].  
Radhakrishnan, Fales and Mann developed a new model for predicting the dynamic 
behavior of the milling process. In this, model the chip thickness is determined by using 
a search algorithm at each simulation step. This new model is able to predict hysteresis 
effects in the point at which stability bifurcations occur. The bifurcation point depends on the 
direction of the change of the control parameter, axial depth of cut. The hysteresis effect was 
first seen in experimental results. Simulation results show that the tool motion is unstable at 
large depth of cut and becomes stable as the depth of cut is slowly decreased. If the 
simulation begins with a small depth of cut, stable behavior is exhibited. As the depth of cut 
slowly increases, the behavior becomes unstable. The depth of cut parameter value at which 
the bifurcation occurs depends on whether the depth of cut is increasing or decreasing [32]. 
Tekeli and Budak Used an analytical stability model and presented an algorithm to 
determine the chatter limit in terms of radial depth of cut. The proposed method is to 
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determine the optimal combination of depths of cut, so that chatter-free material removal rate 
is maximized. Also, their model is used in order to determine the optimal axial and radial 
depth combination for maximum chatter-free material removal rate [33]. 
Altintas, Stepan, Merdol and Dombovari presented frequency and discrete time domain 
to determine the stability limits for milling operations. They compared the stability solutions 
against the numerical solutions and experimental solutions. Both time and frequency domain 
solutions are proposed previously by Altintas and Budak [21, 34]. These stability theories can 
handle any milling dynamics. In addition, these theories can be used to predict the chatter 
stability lobes at low speeds as well [35]. 
As discussed above, there has been a lot of research on the cutting performance of high-
speed machining to improve the milling process. Many analytical and numerical models have 
been presented, to predict the process parameters, such as cutting forces, tool structural 
dynamics and milling stability. An accurate model is needed to predict the cutting forces with 
including the edge coefficients in high-speed milling. In addition, stability charts can be 
created and used to avoid the chatter phenomenon. Combine the milling dynamics and 
choosing the right machining parameters, smoother surface finish and the product quality can 
be achieved.  
Therefore, data, such as the machining parameters, cutting forces, dynamic behavior and 
surface roughness are essential in high speed milling process, especially when the final 
quality of the product is important. Surface finish in high speed milling process is determined 
by the machining parameters such that cutting speed, feed rate, axial depth of cut, radial 
depth of cut and helix angle and tool structure dynamics. By choosing optimum parameter 
values while maintaining chatter-free vibration, the HSM can be accomplished at low costs. 
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1.5 - The Objectives of Current Work 
This study focuses on the analytical and experimental modeling of milling forces, tool 
structure vibrations and optimum selection of cutting parameters for high-speed milling 
to improve the surface finish while maintaining minimum costs. The main objectives of 
this research are as follows: 
 Conduct cutting forces for different end-mill cutting tools at different feed rates for 
identifying the cutting coefficients and compared to two types of aluminum alloys. 
 Create a computer program that model both linear and nonlinear cutting forces in 
end milling process including the effect of helix angle. 
 A new method is proposed and used to identify the cutting force coefficients based 
on the optimization method. This method works by minimizing the error between 
the experimental and analytical forces. A new approach for analytical modeling of 
the cutting forces is proposed for more accuracy. 
 Improve the dynamic model based on experimental results. Improve the milling 
simulation by using the nonlinear force model.  
 Create a computer algorithm that calculates the analytical stability limits for milling 
process based on Altintas method. 
 Design experiments and performing slot milling, end milling and bifurcation 
investigations in low radial immersion of end milling process. 
 Collect displacement data for slot, up and down milling processes to study the 
dynamics of the machine tool structure.   
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 Perform up and down milling bifurcation experiments. 
 Study the effect of feed rate on the bifurcations occurrence in milling by performing 
experiments and simulation. 
 Use surface finish data to find optimum levels of high-speed milling cutting 
parameters for minimum surface roughness to increase product quality.  
 Use Taguchi’s method, analysis of variance (ANOVA) and surface response 
methodology (RSM) for optimizing the milling process by selecting the optimum 
cutting parameters to increase the surface quality. 
In order to achieve the above objectives, the following sub-objectives are needed to 
be accomplished: 
 Use data acquisition (DAC) system in order to collect experimental cutting forces 
data and tool tip displacement.  
 Calibration of the cutting forces and torque are considered before beginning the 
experiments. 
 Estimate the modal parameters for any tool change before performing any cut or 
experiment in order to identify the stability limits of the milling process. 
 Calibrate the capacitance sensors for measure tool displacement by measuring the 
gab thickness between the tool and the sensor. 
 Measure the surface roughness for each cut. 
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1.6 - Dissertation Organization 
This thesis is organized as follows. An introduction to high-speed milling, chatter 
definition, a bifurcation in milling and an overview of the literature survey are given in 
chapter 1. In chapter 2, the description of the milling process is summarized, including 
the definitions of up milling, down milling, face milling and the method of chip thickness 
calculations. In chapter 3, the milling force models are presented with including the edges 
cutting coefficients. Also, the helix angle effect is included. In addition, a new method 
based on the optimization method for identifying the cutting coefficients is presented in 
section 3.3. Chapter 4 explains the derivation of the equations of motion for both single 
and second degree of freedom models. In addition, the analytical stability limits in 
milling are discussed. Chapter 5 describes the experimental setup used in this study. In 
this chapter, experimental procedures and the equipment used in this work are given in 
details, including the corresponding experimental calibrations. Methods for measuring 
cutting forces and torque are explained. Moreover, Method for measuring the tool 
displacement and vibrations are explained. Experimental procedures for obtaining the 
machine structure modal parameters (i.e. equivalent mass, m, damping coefficient, c, and 
stiffness constant, k) are given. Furthermore, the procedure for measuring surface 
roughness is presented. Chapter 6 describes the design of experiments for performing slot 
milling, end milling and bifurcation investigations in low radial immersion of end milling 
process and the effect of feed rate on bifurcations in milling. The analysis and discussion 
of results are given in chapter 7. Finally, the conclusion of this dissertation and future 
work are given in chapter 8.   
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CHAPTER 2 
DESCRIPTION OF MILLING OPERATION 
After the invention of CNC machine, the milling operation became one of the most 
efficient cutting processes especially with using high speed machining. In turning 
operation, rotational motion is given to the workpiece and feed motion is given to the 
tool. However, in the milling operation, the rotational motion is given to the tool and feed 
motion is given to the workpiece. The table which holds the workpiece can move in both 
x and y directions While, the tool can move only in z direction. Fig. 2.1 shows the 
scheme of the milling machine. 
 
Fig. 2.1. Milling machine description. 
 
2.1 - Types of Milling Operations  
 There are two basic types of milling operation, peripheral milling and face milling, 
Shown in Fig. 2.2. 
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Fig. 2.2. Milling operations, (a) Peripheral milling, (b) face or end milling [36]. 
 
Peripheral Milling: In peripheral milling, the axis of the tool is parallel to the 
machined surface. And the operation is performed by cutting edges on the outside 
periphery of the cutter, each tooth acting like a single-point tool called plain mill. Cutters 
used in peripheral milling may have straight or helical teeth, producing orthogonal or 
oblique cutting. As the milling process takes place, the movement of the work piece can 
either oppose (up milling) or coincide with (down milling) the rotation of the cutting tool. 
Various types of peripheral milling are shown in Fig. 2.3.  
In case of up milling, also called conventional milling, the direction of motion of the 
cutter is opposite the feed direction when the teeth cut into the work [36, 37]. The chip 
thickness begins as an infinitely small area and increases in size until the end of the cut. 
Since the initial cut area is so small the initial force needed to begin the cut is low; 
however, the insert has a tendency to press and rub against the material surface rather 
than simply cutting [38]. This type of milling also has a possibility of having the back 
side of the insert or the next cutting-edge rub against the work piece as well, again 
creating a work hardened surface. This repetition of shallow to deep cuts and rubbing 
between the inserts and material surface create a more wavy surface finish [39]. 
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The forces created by having the work piece motion oppose the rotation of the cutter 
cause the material to lift off the work table; due to this characteristic of the up milling 
process, the workpiece material must be securely fastened down to the work area [38]. 
Even with the multiple drawbacks and limitations of this process it was the preferred 
method due to its low initial cut force until the arrival of more rigid machine tools.  
In case of down milling, also called climb milling, the direction of cutter motion is 
the same as the feed direction when the teeth cut the work [36, 37]. The chip thickness 
begins at its thickest area and decreases to an infinitely small area [38]. Since the cut is 
being started at its thickest area, there is a large amount of downward force needed to 
begin the cutting process. This is unfavorable due to how high that force tends to be in 
comparison to up milling but the tradeoff is that the downward force helps to hold the 
work piece material in place  [39]. Since the cutting process itself holds the material in 
place, restraints are less necessary, which is extremely helpful when machining thin and 
flexible pieces, which would otherwise be nearly impossible to clamp down. Another 
positive trait for this type of milling is that the surface finish is much smoother than that 
created by up milling [39].  
Though down milling is now the most preferred method of the two, some caution 
should be taken when using this method. Since the feed component and the cutting force 
are in the same direction, this may draw the machine table towards the cutter if backlash 
exists [40]. If that were to happen, it would cause an instant increase in feed rate and 
cutting force, which could possibly overload the cutter tooth, bend the milling arbor, or 
damaging the overall machine [39]. In order to avoid this outcome there can be no play in 
the lead screw or looseness anyplace that could cause instability; it is for this reason that 
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down milling is only possible with very rigid machine tools that are equipped to eliminate 
backlash [40].  
Face Milling: In face milling, the axis of the tool is perpendicular to the machined 
surface. Face milling is shown in Fig. 2.2. In slot milling, the total diameter of the tool 
engaged with the workpiece. Slot milling is shown in Fig. 2.3. 
 
Fig. 2.3. Description of up, down and slot milling 
 
2.2 - Start and Exit Angles in End Milling    
 In the peripheral milling, the tool teeth engaged in the cut with workpiece between 
start and exit angles. These angles are important for force and dynamics calculations. For 
up milling starts angle is zero and exit angle is related to the tool radius and the radial 
depth of cut (see Fig. 2.3). 
𝜃𝑆𝑡 = 0
0          ,            𝜃𝐸𝑥  = 𝑐𝑜𝑠
−1 (
𝑟 − 𝑅𝐷𝑂𝐶
𝑟
)                                                    (2.1)   
 
Where: 𝑟 
Tool radius   
 𝑅𝐷𝑂𝐶
 
Radial depth of cut 
 
𝜃𝑆𝑡 = 180 − 𝑐𝑜𝑠
−1 (
𝑟 − 𝑅𝐷𝑂𝐶
𝑟
)     ,        𝜃𝐸𝑥 = 180
0                                            (2.2)   
 
For slot milling start angle is 00 and exit angle is 1800 (see Fig. 2.3). 
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2.3 - Chip Thickness Calculation  
In milling process the chip thickness varies and periodic. In addition, depending on 
the cutting conditions whereas the process is stable (static) or unstable (chatter).  
2.3.1 - Static Chip Thickness Calculation  
The chip thickness changes according to the cutting tool position. The assumption of 
the traditional method is that the tool tip is rotated on a circular path. This assumption 
was based on the hypothesis of being the feed rate is very small in comparison with 
rotational speed. It means, the tool tip leaves the cutting area with small movement in the 
feed direction. In addition, the cutter is assumed to have N number of teeth with zero 
helix angles [41]. The instantaneous chip thickness is given by equation (2.3) (see Fig. 
2.4): 
 
Fig. 2.4. Geometry of milling process. The red area of the workpiece represents the material 
removed by the current tooth pass. 
 
ℎ𝑆(𝜃) = 𝑅 − 𝑜𝑎 ̅̅ ̅̅                                                                                                               (2.3)   
 
We have 
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( 𝑜𝑎̅̅ ̅ + 𝑓𝑡 𝑠𝑖𝑛(𝜃))
2 = 𝑅2 − (𝑓𝑡 𝑐𝑜𝑠(𝜃))
2 
 
𝑜𝑎̅̅ ̅ = √𝑅2 − (𝑓𝑡 𝑐𝑜𝑠(𝜃))2 − 𝑓𝑡 𝑠𝑖𝑛(𝜃) 
 
Then 
 
ℎ𝑆(𝜃) = 𝑅 − √𝑅2 − (𝑓𝑡 𝑐𝑜𝑠(𝜃))2 + 𝑓𝑡 𝑠𝑖𝑛(𝜃) 
 
The undeformed chip thickness can be approximated as: 
 
ℎ𝑆(𝜃) = 𝑓𝑡 sin(𝜃)                                                                                                            (2.4)   
 
Where: ℎ𝑆  Static Chip thickness 
 𝑓𝑡 
Feed rate  per tooth 
 R Tool radius 
 𝜃
 
Instantaneous angle of immersion 
 
2.3.2 - Dynamic Chip Thickness Calculation  
In dynamic behavior, the tool vibrates and thus cause changes in the chip thickness 
(see Fig. 2.5). Where the chip thickness can be represented as the total distance between 
previous and current teeth path at the incremental angle position. The instantaneous total 
chip thickness for the jth tooth is approximated as [41]:  
𝑤𝑗(𝑡) = 𝑓𝑡 𝑠𝑖𝑛(𝜃𝑗(𝑡)) − [𝑛𝑗(𝑡) − 𝑛𝑗(𝑡 − 𝜏)]                                                            (2.5)   
 
𝑤𝑗(𝑡) = 𝑓𝑡 𝑆𝑖𝑛 (𝜃𝑗(𝑡)) − [−𝑥(𝑡) 𝑆𝑖𝑛 𝜃𝑗(𝑡) − 𝑦(𝑡) 𝐶𝑜𝑠 𝜃𝑗(𝑡)]    
                                           +[−𝑥(𝑡 − 𝜏) 𝑆𝑖𝑛 𝜃𝑗(𝑡) − 𝑦(𝑡 − 𝜏) 𝐶𝑜𝑠 𝜃𝑗(𝑡)] 
 
𝑤𝑗(𝑡) = 𝑓𝑡 𝑆𝑖𝑛 𝜃𝑗(𝑡) + [𝑥(𝑡) − 𝑥(𝑡 − 𝜏)] 𝑆𝑖𝑛 𝜃𝑗(𝑡) 
                                              +[𝑦(𝑡) − 𝑦(𝑡 − 𝜏)] 𝐶𝑜𝑠 𝜃𝑗(𝑡)                                        (2.6)   
and 
    
𝜏 = 60 (𝑁𝛺)⁄                                                                                                                    (2.7)   
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𝑤𝑗(𝑡) = ℎ𝑆 + ℎ𝐷                                                                                                               (2.8)   
 
Where ℎ𝑆  and ℎ𝐷 are as follows: 
 
ℎ𝑆 = 𝑓𝑡 𝑆𝑖𝑛 (𝜃𝑗(𝑡))                                                                                                         (2.9)   
 
ℎ𝐷 = [𝑥(𝑡) − 𝑥(𝑡 − 𝜏)] 𝑆𝑖𝑛 𝜃𝑗(𝑡)  + [𝑦(𝑡) − 𝑦(𝑡 − 𝜏)] 𝐶𝑜𝑠 𝜃𝑗(𝑡)                      (2.10) 
 
Where: 𝑤𝑗 Total chip thickness  
 ℎ𝑆 Static chip thickness due to feed motion 
 ℎ𝐷 Dynamic chip thickness due to tool vibration  
 𝜏 Tooth pass period in seconds (time delay ) 
 𝑁
 
Number of cutting teeth  
 𝛺 Spindle speed in rpm 
 𝜃𝑗  Cutter rotation angle for j
th tooth 
 
 
Fig. 2.5. Chip generation during vibration in 2-DOF Milling system. n: represents the 
displacement of the tool tip. 
 
 
 
 
 
  
 
21 
CHAPTER 3 
CUTTING FORCES IN MILLING 
A mathematical model is important to predict cutting forces and dynamics of the 
milling process. The cutting forces are related to uncut chip thickness [6]. Moreover, 
cutting forces are dependent on the material cutting coefficients. In this chapter, the linear 
and nonlinear force model of end milling process is presented. The nonlinear force model 
is more accurate and matching the experimental force data. By powering the uncut chip 
thickness with the exponent (𝑚 ≈ 0.8) at the force modal, the sine wave of the force will 
be more flat and minimize the error between the analytical model and experimental data. 
Two types of milling force models are presented. Forces model without including the 
helix angle and forces model with including helix angle effect. Also, an alternative 
method for cutting forces identification by using the optimization technique is presented.  
 In this research, both the linear and nonlinear cutting force model were used. In 
addition, the experimental estimation of the cutting coefficients accomplished by using 
the vertical CNC machine located at the manufacturing workshop at university of 
Missouri-Columbia. More details are given in chapter 5. In this section, the force 
equations are going to be presented next. 
 
3.1 - Milling Forces without Including Helix Angle  
To predict milling forces it is necessary to identify relationships between the cutting 
forces and uncut chip area, A, expressed as a product of the axial depth of cut, a, and chip 
thickness, w, (see Fig. 3.1). The assumption here is that the helix angle is not included in 
the force model. However, for an end-mill tool with straight flutes the axial force is 
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neglected and assumed zero. A typical linear force model is provided in Equation 3.1a 
[41]. However, the nonlinear model is provided in equation 3.1b [4]. Where t and r 
represents the tangential and the radial, directions respectively (see Fig. 2.4). In closer 
approximation, it is recognized that the cutting forces is less than proportional to the chip 
thickness [4]. Some researchers maintain that the relationship between the force and chip 
thickness is like that in equation 3.1a (see Fig 3.2a), this means that the tangential force 
is proportional to chip width, a, and as chip thickness decreases to zero there remains a 
threshold force 𝐹𝑡𝑒 [4]. Others prefer a nonlinear relationship like that in Fig.3.2b, which 
is expressed as equation 3.1b. The cutting force depends on the tool geometry, cutting 
speed and the workpiece material. The cutting force coefficients were determined 
experimentally.  
𝐿𝑖𝑛𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒 𝑚𝑜𝑑𝑒𝑙             
𝐹𝑡 = (𝐾𝑡𝑐𝑤 + 𝐾𝑡𝑒 ) 𝑎         
𝐹𝑟 = (𝐾𝑟𝑐𝑤 + 𝐾𝑟𝑒 ) 𝑎         
𝐹𝑎 = (𝐾𝑎𝑐𝑤 + 𝐾𝑎𝑒 ) 𝑎        
}                                   (3.1𝑎)   
 
𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒 𝑚𝑜𝑑𝑒𝑙     
𝐹𝑡 =  𝐾𝑡𝑎 𝑤
𝑚                       
𝐹𝑟 = 𝐾𝑟𝑎 𝑤
𝑚                        
𝐹𝑎 = 𝐾𝑎𝑎 𝑤
𝑚                       
}                                    (3.1b)   
 
Where: 𝐹𝑡  , 𝐹𝑟 ,  𝐹𝑎 Forces in tangential, radial and axial directions 
 𝐾𝑡𝑐  , 𝐾𝑟𝑐  , 𝐾𝑎𝑐 
 
Cutting force coefficients  in tangential, radial and axial 
directions for the linear force model 
 𝐾𝑡𝑒 ,   𝐾𝑟𝑒 ,   𝐾𝑎𝑒 Cutting-edge coefficients  in tangential, radial and axial 
directions for the linear force model 
 𝐾𝑡 ,   𝐾𝑟 ,   𝐾𝑎 Cutting force coefficients  in tangential, radial and axial 
directions for the nonlinear force model 
 𝑎 Axial depth of cut 
 𝑤 Chip thickness 
 𝑚 Power exponent of nonlinear force model (𝑚 ≈ 0.8) 
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⇒ {
𝐹𝑥
𝐹𝑦
𝐹𝑧
} = [
−  𝐶𝑜𝑠(𝜃) −  𝑆𝑖𝑛(𝜃) 0
 𝑆𝑖𝑛(𝜃) −𝐶𝑜𝑠(𝜃) 0
0 0 1
] {
𝐹𝑡
 𝐹𝑟 
𝐹𝑎
}                                                        (3.2) 
 
Where 𝐹𝑥 , 𝐹𝑦 , 𝐹𝑧 Forces in x, y and z directions 
 
The cutting forces contributed by all flutes are calculated and summed to obtain the total 
instantaneous forces on the cutter at  the current angular position, θj, as follows [41, 42] : 
𝐹𝑥 = ∑𝐹𝑥,𝑗
𝑁
𝑗=1
   ,      𝐹𝑦 = ∑𝐹𝑦,𝑗
𝑁
𝑗=1
     ,      𝐹𝑧 = ∑𝐹𝑧,𝑗
𝑁
𝑗=1
                                                 (3.3)  
 
 
Fig. 3.1. Chip thickness area for straight flute end-mill tools 
 
 
    
Fig. 3.2. Relationship between cutting force and chip thickness as expressed by two models:    
a) linear model ;  b) nonlinear model [4]. 
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3.2 - Milling Forces with Including Helix Angle 
Here the End-mill cutter is divided into elemental disks. Because the lower disk inters 
to workpiece before the upper disk, then there is a constant time delay between each two 
closest disks. This time delay depends on the helix angle (see Fig. 3.1 and Fig. 3.3). For 
straight flutes, the time delay is zero. 
Due to the helical flute, the immersion angle changes along the axial direction as 
follows [42]: 
𝜃𝑗(z) = 𝜃 + (𝑗 − 1)𝜃𝑝 −
𝑡𝑎𝑛 𝛾
𝑟
𝑧           and       𝜃𝑝 =
2 𝜋
𝑁
                                      (3.4)   
 
Where: 𝜃
 
Instantaneous angle of immersion 
   𝛾 
Helix angle of the cutting tool edges 
  𝜃𝑝 
Pitch angle 
 
 
Fig. 3.3. Helical end-mill tool discretized as elemental disks. 
 
The number of disks is set according to the programmer, in case of straight flute,  
𝑑𝑧 = 𝑎 , and for helical flute, 𝑑𝑧 = 𝑎 (𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑠𝑘𝑠)⁄ .  The differential milling 
forces corresponding to an infinitesimal element thickness can be written as next [41]: 
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𝐿𝑖𝑛𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒 𝑚𝑜𝑑𝑒𝑙                
𝑑F𝑡
𝑗 = (𝐾𝑡𝑐𝑤𝑗(𝑡) + 𝐾𝑡𝑒)𝑑𝑧        
𝑑F𝑟
𝑗 = (𝐾𝑟𝑐𝑤𝑗(𝑡) + 𝐾𝑟𝑒)𝑑𝑧        
𝑑F𝑎
𝑗 = (𝐾𝑎𝑐𝑤𝑗(𝑡) + 𝐾𝑎𝑒 )𝑑𝑧       
}                      (3.5𝑎)   
 
𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒 𝑚𝑜𝑑𝑒𝑙         
𝑑F𝑡
𝑗 = 𝐾𝑡𝑐𝑑𝑧 (𝑤𝑗(𝑡))
𝑚        
𝑑F𝑟
𝑗 = 𝐾𝑟𝑐𝑑𝑧 (𝑤𝑗(𝑡))
𝑚        
𝑑F𝑎
𝑗 = 𝐾𝑎𝑐𝑑𝑧 (𝑤𝑗(𝑡))
𝑚      
}                              (3.1b)   
 
⇒ {
𝑑F𝑥
𝑗
𝑑F𝑦
𝑗
𝑑F𝑧
𝑗
} = [
−  𝐶𝑜𝑠(𝜃) −  𝑆𝑖𝑛(𝜃) 0
 𝑆𝑖𝑛(𝜃) −𝐶𝑜𝑠(𝜃) 0
0 0 1
] {
𝑑F𝑡
𝑗
𝑑F𝑟
𝑗
𝑑F𝑎
𝑗
}                                                (3.6)   
 
A Flowchart of the computer program for calculating cutting forces in milling with 
and without including the helix angle effect is shown in Fig. 3.4. The program is divided 
into three stages, the first stage is preprocess in which the program defines all parameters 
such that spindle speed, , axial depth of cut, a, feed rate per tooth,  𝑓𝑡, start and exit 
angles, θSt and θEx, tool diameter, d, number of cutting teeth, N, cutting force 
coefficients, Ktc , Kte , Krc , Kre , Kac and Kae , etc. Second stage is the process stage; in 
process stage, the program calculates the discretized disks thickness, dz, define all initial 
necessary vectors, then starts the tool revolution loops with including a loop for 
discretized disks. At each incremental angle step, dθ, the program check whether the 
current angular position of the tooth j of the current disk i, θi j, is in-cut or out of cut    
(θSt < θi j <θEx). If the tool edge is out of cut then the forces set to be zeros. With the use 
of equations (2.6), (3.3), (3.5) and (3.6), the infinitesimal forces can be easily evaluated 
in all coordinate systems. At the final stage, the program saves the forces in vectors form 
and then plotting them. This program modeled for any number of cutting tool flutes. 
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Fig. 3.4. Flowchart for cutting forces with including helix angle effect 
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3.3 - Cutting Force Coefficients Identification in Milling 
It is necessary to determine the cutting coefficients to predict the cutting forces 
mathematically. The cutting coefficients Ktc, Kte, Krc, Kre, Kac and Kae are determined 
through cutting force measurements by using force dynamometer and data acquisition 
system. Here are two methods are presented, traditional method and a proposed new 
method.  
3.3.1 - Cutting Force Coefficients Identification Using Average Force Method 
In this method, a set of milling experiments are conducted at different feed rates, but 
at constant immersion and axial depth of cut. The average forces per tooth period are 
measured  [41]. The average cutting forces form experiments are equal to the analytically 
derived average milling force expressions, which leads to the identification of cutting 
constants. 
𝐹?̅? =
𝑁
2𝜋
∫ 𝐹𝑞(𝜃)
𝜃𝐸𝑥
𝜃𝑆𝑡
dθ        (𝑞 = 𝑡, 𝑟, 𝑥, 𝑦  𝑜𝑟 𝑧),                                                       (3.7)    
 
Where: 
 
𝐹?̅?, 𝐹?̅? , 𝐹?̅? , 𝐹?̅? , 𝐹?̅? Average forces in tangential, radial, x, y  and z 
directions 
 
3.3.1.1 - Cutting Force Coefficients Identification for Linear Force Model 
From equations (3.1a), and (3.2) into equations (3.7) 
 
𝐹?̅? =
𝑁
2𝜋
∫ [𝐾𝑡𝑐 𝑎 𝑓𝑡 𝑠𝑖𝑛 𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
+  𝐾𝑡𝑒𝑎 ]𝑑𝜃                                                                    (3.8) 
 
𝐹?̅? =
𝑁
2𝜋
∫ [𝐾𝑟𝑐 𝑎 𝑓𝑡 𝑠𝑖𝑛 𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
+  𝐾𝑟𝑒𝑎 ]𝑑𝜃                                                                    (3.9) 
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𝐹?̅? =
𝑁
2𝜋
∫ [−𝐾𝑡𝑐𝑎 𝑓𝑡  𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃  − 𝐾𝑡𝑒𝑎 𝑐𝑜𝑠 𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
       
                                                 −𝐾𝑟𝑐𝑎 𝑓𝑡  𝑠𝑖𝑛
2 𝜃 −  𝐾𝑟𝑒𝑎  𝑠𝑖𝑛 𝜃 ]𝑑𝜃                          (3.10) 
𝐹?̅? =
𝑁
2𝜋
∫ [𝐾𝑡𝑐𝑎 𝑓𝑡  𝑠𝑖𝑛
2 𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
+  𝐾𝑡𝑒𝑎  𝑠𝑖𝑛 𝜃 
                                                −𝐾𝑟𝑐𝑎 𝑓𝑡 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 −  𝐾𝑟𝑒𝑎  𝑐𝑜𝑠 𝜃 ]𝑑𝜃                   (3.11) 
𝐹?̅? =
𝑁
2𝜋
∫ [𝐾𝑎𝑐 𝑎 𝑓𝑡 𝑠𝑖𝑛 𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
+  𝐾𝑎𝑒𝑎 ]𝑑𝜃                                                                    (3.12) 
 
Integrating the above equations from θSt to θEx produces 
𝐹?̅? =
  𝑁 𝑎 
 2 𝜋 
[   −𝐾𝑡𝑐 𝑓𝑡  𝑐𝑜𝑠 𝜃 + 𝐾𝑡𝑒𝜃 ]
𝜃𝑆𝑡
𝜃𝐸𝑥
                                                              (3.13) 
  
𝐹?̅? =
  𝑁 𝑎 
 2 𝜋 
[   −𝐾𝑟𝑐 𝑓𝑡  𝑐𝑜𝑠 𝜃 + 𝐾𝑟𝑒𝜃 ]
𝜃𝑆𝑡
𝜃𝐸𝑥
                                                              (3.14) 
  
𝐹?̅? =
  𝑁 𝑎 
 2 𝜋 
[−
𝐾𝑡𝑐 𝑓𝑡 𝑆𝑖𝑛
2 𝜃
2
− 𝐾𝑡𝑒 𝑠𝑖𝑛 𝜃
+
𝐾𝑟𝑐 𝑓𝑡 { 𝑠𝑖𝑛 𝜃  𝑐𝑜𝑠 𝜃 − 𝜃}
2
 −2𝐾𝑟𝑒𝑠𝑖𝑛
2 (
 𝜃 
 2 
)]
𝜃𝑆𝑡
𝜃𝐸𝑥
                       (3.15) 
 
𝐹?̅? =
  𝑁 𝑎 
 2 𝜋 
[
𝐾𝑡𝑐 𝑓𝑡 {𝜃 −  𝑠𝑖𝑛 𝜃  𝑐𝑜𝑠 𝜃}
2
+ 2𝐾𝑡𝑒𝑠𝑖𝑛
2 (
 𝜃 
 2 
)           
                                                           − 
𝐾𝑟𝑐 𝑓𝑡 𝑆𝑖𝑛
2 𝜃
2
 + 𝐾𝑟𝑒 sin 𝜃]
𝜃𝑆𝑡
𝜃𝐸𝑥
                      (3.16) 
𝐹?̅? =
  𝑁 𝑎 
 2 𝜋 
[   −𝐾𝑎𝑐 𝑓𝑡  𝑐𝑜𝑠 𝜃 + 𝐾𝑎𝑒𝜃 ]
𝜃𝑆𝑡
𝜃𝐸𝑥
                                                             (3.17) 
 
Slot milling is the most suitable cut to identify the force coefficients, since the start 
and exit angles are 00 and 1800 respectively. Using the equations (3.13) through (3.17) 
with substituting θSt = 00 and θEx = 1800 yields the average forces for slot milling as 
follows: 
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𝐹?̅? =
  𝑁 𝑎𝐾𝑡𝑐    
𝜋 
 𝑓𝑡 +
  𝑁 𝑎𝐾𝑡𝑒    
 2
                                                                                 (3.18) 
 
𝐹?̅? =
  𝑁 𝑎𝐾𝑟𝑐    
𝜋 
 𝑓𝑡 +
  𝑁 𝑎𝐾𝑟𝑒    
 2
                                                                                 (3.19) 
 
𝐹?̅? = −
  𝑁 𝑎𝐾𝑟𝑐    
 4 
 𝑓𝑡 −
  𝑁 𝑎𝐾𝑟𝑒    
 𝜋
                                                                             (3.20) 
 
𝐹?̅? =
  𝑁 𝑎𝐾𝑡𝑐     
 4 
 𝑓𝑡 +
  𝑁 𝑎𝐾𝑡𝑒    
 𝜋
                                                                                 (3.21) 
 
𝐹?̅? =
  𝑁 𝑎𝐾𝑎𝑐    
𝜋 
 𝑓𝑡 +
  𝑁 𝑎𝐾𝑎𝑒    
 2
                                                                                (3.22) 
 
 The equations (3.16) through (3.18) are linear functions on feed rate. After 
performing several experiments at different feed rates, the average forces are then 
calculated. Plotting feed rates on x-axis verses the average forces on y-axis. The slope 
and y-intercept can be easily determined by finding the best linear fit function of the data. 
The relationship between cutting force coefficients to slope and y-intercept for each force 
component as follows: 
t − c𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡:    𝐾𝑡𝑐 =
 𝜋 𝑠𝑙𝑜𝑝𝑡
𝑁 𝑎
         𝑎𝑛𝑑         𝐾𝑡𝑒 =
2 (𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡)𝑡
 𝑁 𝑎
 
 
r − c𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡:    𝐾𝑟𝑐 =
 𝜋 𝑠𝑙𝑜𝑝𝑟
𝑁 𝑎
         𝑎𝑛𝑑        𝐾𝑟𝑒 =
2 (𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡)𝑟
 𝑁 𝑎
 
 
𝑥 − 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡:   𝐾𝑟𝑐 =
 4 𝑠𝑙𝑜𝑝𝑥
𝑁 𝑎
        𝑎𝑛𝑑         𝐾𝑟𝑒 =
𝜋 (𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡)𝑥
 𝑁 𝑎
 
 
𝑦 − 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡:   𝐾𝑡𝑐 =
 4 𝑠𝑙𝑜𝑝𝑦
𝑁 𝑎
        𝑎𝑛𝑑         𝐾𝑡𝑒 =
𝜋  (𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡)𝑦
 𝑁 𝑎
 
 
𝑧 − 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡:   𝐾𝑎𝑐 =
𝜋 𝑠𝑙𝑜𝑝𝑧
𝑁 𝑎
         𝑎𝑛𝑑         𝐾𝑎𝑒 =
2  (𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡)𝑧
 𝑁 𝑎
 
 
This method is used for determining the cutting force coefficients of the linear force 
model that are presented in section 7.1. Figures 7.1 to 7.4 represent typical results of the 
equations (3.18) through (3.22). 
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3.3.1.2 - Cutting Force Coefficients Identification for Nonlinear Force Model 
From equations (3.1b), and (3.2) into equations (3.7) produces: 
 
𝐹?̅? =
𝑁
2𝜋
∫ [
𝜃𝐸𝑥
𝜃𝑆𝑡
𝐾𝑡 𝑎 𝑓𝑡
𝑚 𝑠𝑖𝑛𝑚 𝜃 ]𝑑𝜃                                                                               (3.23) 
𝐹?̅? =
𝑁
2𝜋
∫ [𝐾𝑟 𝑎 𝑓𝑡
𝑚 𝑠𝑖𝑛𝑚 𝜃 
𝜃𝐸𝑥
𝜃𝑆𝑡
 ]𝑑𝜃                                                                              (3.24) 
𝐹?̅? =
 −𝑁 
 2𝜋 
∫ [𝐾𝑡 𝑎 𝑓𝑡
𝑚 𝑠𝑖𝑛𝑚 𝜃 𝑐𝑜𝑠 𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
+ 𝐾𝑟 𝑎 𝑓𝑡
𝑚 𝑠𝑖𝑛𝑚 𝜃 𝑠𝑖𝑛 𝜃]  𝑑𝜃                  (3.25) 
𝐹?̅? =
𝑁
2𝜋
∫ [𝐾𝑡 𝑎 𝑓𝑡
𝑚 𝑠𝑖𝑛𝑚 𝜃 𝑠𝑖𝑛 𝜃 
𝜃𝐸𝑥
𝜃𝑆𝑡
− 𝐾𝑟 𝑎 𝑓𝑡
𝑚 𝑠𝑖𝑛𝑚 𝜃 𝑐𝑜𝑠 𝜃]  𝑑𝜃                    (3.26) 
𝐹?̅? =
𝑁
2𝜋
∫ [𝐾𝑎 𝑎 𝑓𝑡
𝑚 𝑠𝑖𝑛𝑚 𝜃 
𝜃𝐸𝑥
𝜃𝑆𝑡
 ]𝑑𝜃                                                                              (3.27) 
 
Rearranging and taking the logarithm of the above equations yields: 
𝐿𝑜𝑔( 𝐹?̅? ) = Log(
 𝑁 𝑎 
2𝜋 
𝐾𝑡 ∫ 𝑠𝑖𝑛
𝑚 𝜃 𝑑𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
 ) + m Log( 𝑓𝑡 )                                 (3.28) 
 
𝐿𝑜𝑔( 𝐹?̅? ) = Log(
 𝑁 𝑎 
2𝜋 
𝐾𝑟 ∫ 𝑠𝑖𝑛
𝑚 𝜃 𝑑𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
 ) + m Log( 𝑓𝑡 )                                 (3.29) 
 
𝐿𝑜𝑔(−𝐹?̅? ) = Log ( 
 𝑁 𝑎 
2𝜋 
[𝐾𝑡 ∫ 𝑠𝑖𝑛
𝑚 𝜃 𝑐𝑜𝑠 𝜃 𝑑𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
   
+𝐾𝑟 ∫ 𝑠𝑖𝑛
𝑚 𝜃 𝑠𝑖𝑛 𝜃 𝑑𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
 ] ) + m Log( 𝑓𝑡 )       (3.30) 
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𝐿𝑜𝑔(𝐹?̅?  ) = Log ( 
 𝑁 𝑎 
2𝜋 
[𝐾𝑡 ∫ 𝑠𝑖𝑛
𝑚 𝜃 𝑠𝑖𝑛 𝜃 𝑑𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
    
−𝐾𝑟 ∫ 𝑠𝑖𝑛
𝑚 𝜃 𝑐𝑜𝑠 𝜃 𝑑𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
 ] ) + m Log( 𝑓𝑡 )       (3.31) 
 
𝐿𝑜𝑔( 𝐹?̅? ) = Log(
 𝑁 𝑎 
2𝜋 
𝐾𝑎 ∫ 𝑠𝑖𝑛
𝑚 𝜃 𝑑𝜃
𝜃𝐸𝑥
𝜃𝑆𝑡
 ) + m Log( 𝑓𝑡 )                                 (3.32) 
 
By plotting 𝐿𝑜𝑔( 𝑓𝑡 ) versus 𝐿𝑜𝑔( Average force ), the slope represents the power 
exponent, m, and the y-intercept represent the other term. Numerical integration such as 
Simpson’s method can be used to evaluate the integrals. However, the integrals cannot be 
evaluated before determining the slope, m. From y-intercept, the cutting force coefficients 
are determined. This method is used for determining the cutting force coefficients of the 
nonlinear force model that are presented in section 7.1. Figures 7.5 to 7.8 represent 
typical results of the equations (3.28) through (3.32). 
3.3.2 - Cutting Force Coefficients Identification Using optimization Method 
Nowadays, the mathematical software’s have been developed dramatically. The 
software’s like Matlab® and Mathematica, etc., are equipped with many mathematical 
and numerical functions. With the use of Matlab® optimization toolbox, the cutting force 
coefficients can be easily determined. In this new method, a set of milling experiments 
are conducted at different feed rates. However, this method doesn’t require constant axial 
depth of cut, due to the fact that it doesn’t need to determine the slope and the y-intercept. 
In addition, from one cut the coefficients can be identified for all directions. On the other 
hand, traditional method requires at least two cuts to produce two data points to identify 
both slope and y-intercept. This new method works by minimizing the error of the 
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objective function for each force component by using the cutting force coefficients as the 
design parameters. The objective function is derived as follows: 
𝑶𝒃𝒋𝒆𝒄𝒕𝒊𝒗𝒆 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏 =  ‖𝑬𝒙𝒑𝒆𝒓𝒊𝒎𝒆𝒏𝒕𝒂𝒍 𝒇𝒐𝒓𝒄𝒆 − 𝑩𝒆𝒔𝒕 𝒇𝒊𝒕 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 ‖𝟐   = 𝒎𝒊𝒏 
 
The derived objective functions for all cutting force components are shown in tables 
3.1 and 3.2. The saved voltage data from the force dynamometer are converted to values 
of force (N), with using the calibration equations for each force component (See Tables. 
5.1 and 5.2). Cutting force coefficients can be identified using tangential, radial and axial 
force components or from x, y and z components as seen in table 3.1. Also, a 
combination of the force components can lead to the identification of the cutting forces 
by combining them in one objective function as seen in table 3.2. Since the tangential and 
radial cutting coefficients included in both 𝐹𝑥 and 𝐹𝑦, so the objective function f5 for the 
linear model or the objective function f6 for the nonlinear model are a combination of 
both forces. For linear model, there are two design parameters in tangential force 
component, which they are the tangential cutting force coefficient, 𝐾𝑡𝑐, and tangential 
edge coefficient, 𝐾𝑡𝑒. However, for the nonlinear model the design parameters are 𝐾𝑡 and 
power exponent, m. The design parameters of the linear force model of radial component 
are radial force coefficient, 𝐾𝑟𝑐  and radial edge coefficient, 𝐾𝑟𝑒 . However, for the 
nonlinear model the design parameters are 𝐾𝑟  and power exponent, m. The design 
parameters of the linear force model of axial component are axial force coefficient, 𝐾𝑎𝑐 
and axial edge coefficient, 𝐾𝑎𝑒. However, for nonlinear model the design parameters are 
𝐾𝑎 and power exponent, m. The design parameters of the linear force model of x and y 
component are 𝐾𝑡𝑐 , 𝐾𝑡𝑒 , 𝐾𝑟𝑐, 𝑎𝑛𝑑 𝐾𝑟𝑒. On the other hand, for the nonlinear model the 
design parameters are 𝐾𝑡, 𝐾𝑟 and power exponent, m. 
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Table 3.1. Objective functions for identification of cutting force coefficients 
Ta
n
ge
n
ti
al
 
d
ir
ec
ti
o
n
 
Linear force 
model 
Objective function:  𝑓1(𝐾𝑡𝑐, 𝐾𝑡𝑒) = ‖𝐹𝑡
𝐸𝑥𝑝 − 𝐹𝑡
𝐴𝑛𝑦‖
2
= 𝑚𝑖𝑛 
Subjected to:             −𝐾𝑡𝑐 ≤ 0,− 𝐾𝑡𝑒  ≤ 0 
Design parameters:      𝐾𝑡𝑐  𝑎𝑛𝑑  𝐾𝑡𝑒 
Nonlinear force 
model 
Objective function:  𝑓2(𝐾𝑡, 𝑚) = ‖𝐹𝑡
𝐸𝑥𝑝 − 𝐹𝑡
𝐴𝑛𝑦‖
2
= 𝑚𝑖𝑛 
Subjected to:             −𝐾𝑡 ≤ 0, 0.7 ≤ m ≤ 1 
Design parameters:      𝐾𝑡  𝑎𝑛𝑑  𝑚 
R
ad
ia
l d
ir
ec
ti
o
n
 
Linear force 
model 
Objective function:  𝑓3(𝐾𝑟𝑐, 𝐾𝑟𝑒) = ‖𝐹𝑟
𝐸𝑥𝑝 − 𝐹𝑟
𝐴𝑛𝑦‖
2
= 𝑚𝑖𝑛 
Subjected to:            −𝐾𝑟𝑐 ≤ 0,− 𝐾𝑟𝑒  ≤ 0 
Design parameters:   𝐾𝑟𝑐 𝑎𝑛𝑑  𝐾𝑟𝑒 
Nonlinear force 
model 
Objective function:  𝑓4(𝐾𝑟, 𝑚) = ‖𝐹𝑟
𝐸𝑥𝑝 − 𝐹𝑟
𝐴𝑛𝑦‖
2
= 𝑚𝑖𝑛 
Subjected to:             −𝐾𝑟 ≤ 0, 0.7 ≤ m ≤ 1 
Design parameters:      𝐾𝑟  𝑎𝑛𝑑  𝑚 
x 
an
d
 y
-d
ir
ec
ti
o
n
s 
Linear force 
model 
Objective function: 
 𝑓5(𝐾𝑡𝑐, 𝐾𝑡𝑒, 𝐾𝑟𝑐, 𝐾𝑟𝑒) =  ‖𝐹𝑥
𝐸𝑥𝑝 − 𝐹𝑥
𝐴𝑛𝑦‖
2
+ 
                                                         ‖𝐹𝑦
𝐸𝑥𝑝 − 𝐹𝑦
𝐴𝑛𝑦‖
2
= 𝑚𝑖𝑛 
Subjected to: −𝐾𝑡𝑐 ≤ 0,− 𝐾𝑡𝑒  ≤ 0 , −𝐾𝑟𝑐 ≤ 0,− 𝐾𝑟𝑒  ≤ 0 
Design parameters:      𝐾𝑡𝑐, 𝐾𝑡𝑒 ,  𝐾𝑟𝑐, 𝑎𝑛𝑑  𝐾𝑟𝑒 
Nonlinear force 
model 
Objective function: 
 𝑓6(𝐾𝑡, 𝐾𝑟, m) =  ‖𝐹𝑥
𝐸𝑥𝑝 − 𝐹𝑥
𝐴𝑛𝑦‖
2
+ 
                                                         ‖𝐹𝑦
𝐸𝑥𝑝 − 𝐹𝑦
𝐴𝑛𝑦‖
2
= 𝑚𝑖𝑛 
Subjected to: −𝐾𝑡 ≤ 0,−𝐾𝑟 ≤ 0, 0.7 ≤ m ≤ 1 
Design parameters:      𝐾𝑡, 𝐾𝑟  𝑎𝑛𝑑  𝑚 
z-
d
ir
ec
ti
o
n
 Linear force 
model 
Objective function: 𝑓7(𝐾𝑎𝑐, 𝐾𝑎𝑒) = ‖𝐹𝑎
𝐸𝑥𝑝 − 𝐹𝑎
𝐴𝑛𝑦‖
2
= 𝑚𝑖𝑛 
Subjected to:         −𝐾𝑎𝑐 ≤ 0,− 𝐾𝑎𝑒  ≤ 0 
Design parameters:      𝐾𝑎𝑐 𝑎𝑛𝑑  𝐾𝑎𝑒 
Nonlinear force 
model 
Objective function: 𝑓8(𝐾𝑎,𝑚) = ‖𝐹𝑎
𝐸𝑥𝑝 − 𝐹𝑎
𝐴𝑛𝑦‖
2
= 𝑚𝑖𝑛 
Subjected to:             −𝐾𝑎 ≤ 0, 0.7 ≤ m ≤ 1 
Design parameters:      𝐾𝑎  𝑎𝑛𝑑  𝑚 
Where: 𝐹𝑖
𝐸𝑥𝑝and 𝐹𝑖
𝐴𝑛𝑦
 
 Experimental and analytical cutting force components 
 
By using the Matlab® optimization toolbox, the forces objective functions can be 
minimized by starting with an appropriate initial guess values, the program will allow the 
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value for each parameter to alternate until the minimum of each objective function is 
achieved. Once optimal values are found, the optimized force function is then 
approximates the experimental force data. The experimental and the optimized functions 
for all cutting force components are shown in appendix A. 
Table 3.2. Combined objective functions into one function  
LINEAR FORCE MODEL 
Objective function :    𝑓9(𝐾𝑡𝑐, 𝐾𝑡𝑒 , 𝐾𝑟𝑐, 𝐾𝑟𝑒) = ‖𝐹𝑡
𝐸𝑥𝑝 − 𝐹𝑡
𝐴𝑛𝑦‖
2
+‖𝐹𝑟
𝐸𝑥𝑝 − 𝐹𝑟
𝐴𝑛𝑦‖
2
  
                                                              + ‖𝐹𝑥
𝐸𝑥𝑝 − 𝐹𝑥
𝐴𝑛𝑦‖
2
+ ‖𝐹𝑦
𝐸𝑥𝑝 − 𝐹𝑦
𝐴𝑛𝑦‖
2
= 𝒎𝒊𝒏 
Subjected to:               −𝐾𝑡𝑐 ≤ 0,   𝐾𝑡𝑒  ≤ 0 , −𝐾𝑟𝑐 ≤ 0,− 𝐾𝑟𝑒  ≤ 0  
Design parameters:     𝐾𝑡𝑐 ,   𝐾𝑡𝑒 ,  𝐾𝑟𝑐 𝑎𝑛𝑑  𝐾𝑟𝑒 
NONLINEAR FORCE MODEL 
Objective function 1:   𝑓10(𝐾𝑡, 𝐾𝑟 , m) = ‖𝐹𝑡
𝐸𝑥𝑝 − 𝐹𝑡
𝐴𝑛𝑦‖
2
+‖𝐹𝑟
𝐸𝑥𝑝 − 𝐹𝑟
𝐴𝑛𝑦‖
2
  
                                                              + ‖𝐹𝑥
𝐸𝑥𝑝 − 𝐹𝑥
𝐴𝑛𝑦‖
2
+ ‖𝐹𝑦
𝐸𝑥𝑝 − 𝐹𝑦
𝐴𝑛𝑦‖
2
= 𝒎𝒊𝒏 
Subjected to:               −𝐾𝑡 ≤ 0, −𝐾𝑟 ≤ 0,   0.7 ≤ m ≤ 1  
Design parameters:      𝐾𝑡 ,  𝐾𝑟 𝑎𝑛𝑑  m 
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CHAPTER 4 
DYNAMICS MILLING MODEL 
High-speed milling is an interrupted process, where the cutting tool is influenced by 
cutting forces and cause vibration. A mathematical model is important to predict the 
dynamic behavior of the milling process. The main difference between modeling turning 
and milling system is that the chip thickness in milling is periodic not constant.  In this 
chapter, a dynamical model for milling tool is derived for both single and two degree of 
freedom system are presented. Also, the analytical prediction of chatter in milling process 
is given in section 4.3.  
4.1 - Single Degree of Freedom Model for End-Mill Process 
Here in this section the machine tool structure of the milling process is modeled as a 
single degree of freedom system subjected to external forces due to metal cut. The 
effective mass of the system is attached to a spring and damper. Fig. 4.1 represents the 
single degree of freedom milling process model. 
A mathematical model can be used to represent the characteristics of the milling 
system. As seen in Fig. 4.1 the equation of motion for single degree of freedom system is: 
𝑚𝑥?̈?(𝑡) + 𝑐𝑥?̇?(𝑡) + 𝑘𝑥𝑥(𝑡) = 𝑔(𝜃𝑗)𝐹𝑥(𝑥, 𝑦, 𝑡)                                                      (4.1)   
 
𝑔(𝜃𝑗) is a unit step function that determines whether the teeth is in or out of cut [41] .  
 
𝑔(𝜃𝑗) = {
 1      , 𝑖𝑓        𝜃𝑆𝑡 < 𝜃𝑗 < 𝜃𝐸𝑥        
   0      , 𝑖𝑓      𝜃𝑗 < 𝜃𝑆𝑡  𝑜𝑟  𝜃𝑗 > 𝜃𝐸𝑥
                                                         (4.2)   
 
 
and 
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Fig. 4.1. SDOF Model for End-Mill Process 
 
  
𝐹𝑥(𝑥, 𝑦, 𝑡) = −𝐹𝑡  𝐶𝑜𝑠(𝜃) − 𝐹𝑟  𝑆𝑖𝑛(𝜃)                                                                    (4.3)   
        
Where
: 
𝑚𝑥 System effective mass    
 𝑐𝑥 Damping coefficient in x direction 
 𝑘𝑥 Springs stiffness in x direction 
 𝐹𝑥 Cutting force component  in x direction 
 𝐹𝑡 , 𝐹𝑟 
Cutting force components in tangential and radial  directions 
 
From equations (2.6), (3.1) and (4.3) into equation (4.1) yields: 
𝑚𝑥?̈?(𝑡) + 𝑐𝑥?̇?(𝑡) + 𝑘𝑥𝑥(𝑡) =  − 𝑔(𝜃𝑗) 
 
𝐹𝑥(𝑥, 𝑦, 𝑡) 
                   =   − 𝑔(𝜃𝑗) 𝑎 {𝑐𝑜𝑠 𝜃 [𝐾𝑡𝑒 + 𝐾𝑡𝑐 𝑠𝑖𝑛 𝜃 (𝑓𝑡 + 𝑥(𝑡) − 𝑥(𝑡 − 𝜏))]
+ 𝑠𝑖𝑛 𝜃 [𝐾𝑟𝑒 + 𝐾𝑟𝑐 𝑠𝑖𝑛 𝜃 (𝑓𝑡 + 𝑥(𝑡) − 𝑥(𝑡 − 𝜏))]}                       (4.4)  
Where: 
                 𝜏 =
60
𝑁Ω
 
 
Equation (4.4) is a second order delay differential equation. 
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4.2 - Two Degree of Freedom Model for End-Mill Process 
Here in this section, the machine tool structure of the milling process is modeled as a 
two degree of freedom system subjected to external forces due to metal cut. The main 
difference between modeling single and two degrees is that the tool can vibrate in both x 
and y directions. Fig. 4.2 represents the two degree of freedom milling process model. 
 
Fig. 4.2. 2DOF Model for End-Mill Process 
 
 
A mathematical model can be used to represent the characteristics of the milling 
system. As seen in Fig. 4.2 the equations of motion for the second order degree of 
freedom system are: 
𝑚𝑥?̈?(𝑡) + 𝑐𝑥?̇?(𝑡) + 𝑘𝑥𝑥(𝑡) = 𝑔(𝜃𝑗)𝐹𝑥(𝑥, 𝑦, 𝑡)                                                      (4.5𝑎) 
 
𝑚𝑦?̈?(𝑡) + 𝑐𝑦?̇?(𝑡) + 𝑘𝑦𝑥(𝑡) = 𝑔(𝜃𝑗)𝐹𝑦(𝑥, 𝑦, 𝑡)                                                     (4.5𝑏) 
 
𝑔(𝜃𝑗) is a unit step function that determines whether the teeth is in or out of cut [41] .  
 
𝑔(𝜃𝑗) = {
 1      , 𝑖𝑓        𝜃𝑆𝑡 < 𝜃𝑗 < 𝜃𝐸𝑥        
   0      , 𝑖𝑓      𝜃𝑗 < 𝜃𝑆𝑡  𝑜𝑟  𝜃𝑗 > 𝜃𝐸𝑥
                                                         (4.6)   
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In matrix form 
 
[
𝑚𝑥
0
 
0
𝑚𝑦
] {
?̈?
?̈?
}  + [
𝑐𝑥
0
 
0
𝑐𝑦
] {
?̇?
?̇?
}  + [
𝑘𝑥
0
 
0
𝑘𝑦
] {
𝑥
𝑦
} = 𝑔(𝜃𝑗) {
𝐹𝑥
𝐹𝑦
}                                (4.7)   
 
and 
      
 
𝐹𝑥 = −𝐹𝑡 𝐶𝑜𝑠(𝜃) − 𝐹𝑟 𝑆𝑖𝑛(𝜃) 
𝐹𝑦 =   𝐹𝑡 𝑆𝑖𝑛(𝜃) − 𝐹𝑟  𝐶𝑜𝑠(𝜃)     
⇒ {
𝐹𝑥
𝐹𝑦
} = [
−  𝐶𝑜𝑠(𝜃)
 𝑆𝑖𝑛(𝜃)
 
−  𝑆𝑖𝑛(𝜃) 
− 𝐶𝑜𝑠(𝜃)
] {
𝐹𝑡
𝐹𝑟
}         (4.8)   
 
 
Where
: 
𝑚𝑥 , 𝑚𝑦 System effective mass in x and y-direction 
 𝑐𝑥 , 𝑐𝑦 Damping coefficient in x and y-direction 
 𝑘𝑥 , 𝑘𝑦 Springs stiffness in in x and y-direction 
 𝐹𝑥 , 𝐹𝑦 Cutting force component  in x and y-direction 
 𝐹𝑡 , 𝐹𝑟 
Cutting force components in tangential and radial  directions 
 
From equations (2.6), (3.1) and (3.2) into equations (4.5a) and (4.5b) yields: 
 
𝑚𝑥?̈?(𝑡) + 𝑐𝑥?̇?(𝑡) + 𝑘𝑥𝑥(𝑡) = − 𝑔(𝜃𝑗)  𝐹𝑥(𝑥, 𝑦, 𝑡) 
                     =  − 𝑔(𝜃𝑗) 𝑎 {𝑐𝑜𝑠 𝜃 [𝐾𝑡𝑒 + 𝐾𝑡𝑐( 𝑓𝑡 𝑠𝑖𝑛 𝜃 + ∆𝑥 𝑠𝑖𝑛 𝜃 + ∆𝑦 𝑐𝑜𝑠 𝜃)] 
                           +𝑠𝑖𝑛 𝜃 [𝐾𝑟𝑒 + 𝐾𝑟𝑐(( 𝑓𝑡 𝑠𝑖𝑛 𝜃 + ∆𝑥 𝑠𝑖𝑛 𝜃 + ∆𝑦 𝑐𝑜𝑠 𝜃))]}        (4.9)    
and 
𝑚𝑦?̈?(𝑡) + 𝑐𝑦?̇?(𝑡) + 𝑘𝑦𝑥(𝑡) = 
        =  𝑔(𝜃𝑗) 𝑎 {𝑠𝑖𝑛 𝜃 [𝐾𝑡𝑒 + 𝐾𝑡𝑐( 𝑓𝑡 𝑠𝑖𝑛 𝜃 + ∆𝑥 𝑠𝑖𝑛 𝜃 + ∆𝑦 𝑐𝑜𝑠 𝜃)]  
                            +𝑐𝑜𝑠 𝜃 [𝐾𝑟𝑒 + 𝐾𝑟𝑐(( 𝑓𝑡 𝑠𝑖𝑛 𝜃 + ∆𝑥 𝑠𝑖𝑛 𝜃 + ∆𝑦 𝑐𝑜𝑠 𝜃))]}       (4.10) 
Where: 
             ∆𝑥 = 𝑥(𝑡) − 𝑥(𝑡 − 𝜏) 
              ∆𝑦 = 𝑦(𝑡) − 𝑦(𝑡 − 𝜏) 
              𝜏 =
60
𝑁Ω
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A Flowchart of the computer program for simulating the dynamics of the end milling 
process is shown in Fig. 4.3. The program is divided into three stages. The first stage is 
preprocess in which the program defines all parameters such that spindle speed, , feed 
rate per tooth, 𝑓𝑡, axial depth of cut, a, radial depth of cut, RDOC, tool diameter, d, helix 
angle, 𝛾, number of cutting teeth, N, tool modal parameters (mx, my, cx, cy, kx, ky) and 
cutting force coefficients (Ktc , Kte , Krc , Kre , Kac , Kae ), or, (Kt , Kr, m), etc. Second 
stage is the process stage; in process stage, the program calculates the natural 
frequencies, damping ratios, start and exit angles, θSt and θEx, the discretized disks 
thickness, dz, define all initial necessary vectors, define all initial conditions for Euler 
integration, then starts the tool revolution loops with including a loop for discretized 
disks. At each incremental angle step, dθ, the program check whether the current angular 
position of the tooth j of the current disk i, θi j, is in-cut or out of cut (θSt < θi j <θEx). If 
the tool edge is out of cut then the forces set to be zeros. If the edge is in cut then the 
program calculates the total chip thickness including static, dynamic chip thickness. 
However, if the chip thickness is less than zero then the forces set to be zeros, otherwise, 
the forces are computed by using equations (2.6), (3.3), (3.5) and (3.6), the infinitesimal 
forces can be easily evaluated in all coordinate systems. The Euler integration method is 
then used to determine the dynamic tool position. At the final stage, the program saves 
the forces and tool displacements in vectors form and then plotting them. Also, this 
program is modeled for cutting tool with two flutes. Nevertheless, this program can be 
easily upgraded to model an end-mill tool has more than two cutting flutes. 
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Fig. 4.3. Flowchart of end-milling simulation 
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4.3 - Analytical Prediction of Chatter in Milling Process  
Chatter is a form of self-excited, unstable vibration during metal cut [35].  To 
increase the quality of product surface finish, it is necessary to minimize the probability 
of occurrence of chatter phenomenon. The prediction of chatter vibrations between the 
cutter and workpiece is important as a guidance to the machine tool users for an optimal 
selection of depth of cut and spindle speed, resulting in maximum chip removal rate 
without this undesirable tool vibration [43] . This can be done by generating the stability 
lobe diagrams, which can be used to select the right machining parameters to insure the 
cut is stable and avoid tool chatter. In the work of Altintas and Stepan [35] also in the 
work of Altintas and budak [21], frequency domain methods are used in computing 
stability lobe diagrams that indicate stable and unstable regions as a function of 
machining parameters such that spindle speed and axial depth of cut. In addition, their 
equations going to be presented next: 
{
𝐹𝑥
𝐹𝑦
} =
𝑎 𝐾𝑡
2
[
𝑎𝑥𝑥
𝑎𝑦𝑥
 
𝑎𝑥𝑦
𝑎𝑦𝑦
] {
∆𝑥
∆𝑦
} =
𝑎 𝐾𝑡
2
[𝐴(𝜃)]{∆}                                                         (4.11) 
 
Where time varying directional dynamic milling force coefficients are given by: 
 
𝑎𝑥𝑥 = ∑ −𝑔(𝜃𝑗) [𝑠𝑖𝑛(2𝜃𝑗) + 𝐾𝑟𝑐(1 − 𝑐𝑜𝑠(2𝜃𝑗))]   
𝑁−1
𝑗=0
   
𝑎𝑥𝑦 = ∑ −𝑔(𝜃𝑗) [(1 + 𝑐𝑜𝑠(2𝜃𝑗)) + 𝐾𝑟𝑐 𝑠𝑖𝑛(2𝜃𝑗)]
𝑁−1
𝑗=0
     
 
𝑎𝑦𝑥 = ∑ 𝑔(𝜃𝑗) [(1 − 𝑐𝑜𝑠(2𝜃𝑗)) − 𝐾𝑟𝑐  𝑠𝑖𝑛(2𝜃𝑗)]
𝑁−1
𝑗=0
      
𝑎𝑦𝑦 = ∑ 𝑔(𝜃𝑗) [𝑠𝑖𝑛(2𝜃𝑗) − 𝐾𝑟𝑐(1 + 𝑐𝑜𝑠(2𝜃𝑗))]   
𝑁−1
𝑗=0
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In the above equation (4.13), the static chip thickness excluded which is due to rigid 
body motion of the cutter, and dynamic component included which is caused by the 
vibrations of the tool at the present and previous tooth periods [21].   
The equation (4.11) can be expressed in time as: 
 
{𝐹(𝑡)} =
𝑎 𝐾𝑡
2
[𝐴(𝑡)]{∆(t)}                                                                                           (4.12) 
 
Where: {∆(𝑡)} = {∆𝑥(𝑡)   ∆𝑦(𝑡)}𝑇   
 
[𝐴(𝑡)] is periodic at tooth passing frequency 𝜔 = 𝑁Ω/60  or tooth period 2𝜋/ 𝜔 , 
thus can be expanded into Fourier series. 
[𝐴(𝑡)] = ∑ [𝐴𝑟]
∞
𝑟=−∞
𝑒𝑖𝑟𝜔𝑡       𝑤ℎ𝑒𝑟𝑒     [𝐴𝑟] = ∫[𝐴(𝑡)]𝑒
−𝑖𝑟𝜔𝑡 𝑑𝑡
𝜏
0
                       (4.13) 
 
Then the zero solution (r=0) is: 
[𝐴0] =
1
 𝜏 
∫[𝐴(𝑡)] 𝑑𝑡
𝜏
0
                                                                                                     (4.14) 
 
Using the start and exit angles to determine 𝐴0. 
 
[𝐴0] =
𝑁
 2 𝜋 
∫ [𝐴(𝜃)] 𝑑𝜃
   𝜃𝐸𝑥
𝜃𝑆𝑡
=   
𝑁
 2 𝜋 
 [
𝛼𝑥𝑥
𝛼𝑦𝑥
 
𝛼𝑥𝑦
𝛼𝑦𝑦
]                                                    (4.15) 
Where: 
 
𝑎𝑥𝑥 =
1
2
[ 𝑐𝑜𝑠(2𝜃) − 2𝐾𝑟𝑐𝜃 + 𝐾𝑟𝑐 sin(2𝜃)]𝜃𝑆𝑡
𝜃𝐸𝑥    
 
𝑎𝑥𝑦 =
1
2
[− 𝑠𝑖𝑛(2𝜃) − 2𝜃 + 𝐾𝑟𝑐 cos(2𝜃)]𝜃𝑆𝑡
𝜃𝐸𝑥    
 
𝑎𝑦𝑥 =
1
2
[− 𝑠𝑖𝑛(2𝜃) + 2𝜃 + 𝐾𝑟𝑐 cos(2𝜃)]𝜃𝑆𝑡
𝜃𝐸𝑥    
 
𝑎𝑥𝑥 =
1
2
[− 𝑐𝑜𝑠(2𝜃) − 2𝐾𝑟𝑐𝜃 − 𝐾𝑟𝑐 sin(2𝜃)]𝜃𝑆𝑡
𝜃𝐸𝑥    
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Then equation (4.12) reduced to the following: 
 
{𝐹(𝑡)} =
 𝑎 𝐾𝑡 
 2 
[𝐴0]{∆(t)}                                                                                             (4.16) 
 
The frequency response functions (FRFs) can be derived from the equations of 
motion (4.5) as next: 
?̈? +  2𝜁𝑥𝜔𝑛𝑥?̇? + 𝜔𝑛𝑥
2  𝑥 =
𝜔𝑛𝑥
2 𝐹𝑥(𝑡)
𝑘𝑥
      ⇒   𝜙𝑥𝑥(𝑖𝜔) =
𝜔𝑛𝑥
2 𝑘𝑥⁄
𝜔𝑛𝑥2 − 𝜔𝑥2 + 𝑖2𝜁𝑥𝜔𝑛𝑥𝜔𝑥
   
 
𝑅𝑒(𝜙𝑥𝑥) =
1
𝑘𝑥
(
1 − 𝑟𝑥
2
(1 − 𝑟𝑥2)2 + (2𝜁𝑥𝑟𝑥)2
) ,   𝐼𝑚(𝜙𝑥𝑥) =
1
𝑘𝑥
(
−2𝜁𝑥𝑟𝑥
(1 − 𝑟𝑥2)2 + (2𝜁𝑥𝑟𝑥)2
) 
 
?̈? +  2𝜁𝑥𝜔𝑛𝑥?̇? + 𝜔𝑛𝑥
2  𝑦 =
𝜔𝑛𝑦
2 𝐹𝑦(𝑡)
𝑘𝑦
      ⇒   𝜙𝑦𝑦(𝑖𝜔) =
𝜔𝑛𝑦
2 𝑘𝑦⁄
𝜔𝑛𝑦2 − 𝜔𝑦2 + 𝑖2𝜁𝑦𝜔𝑛𝑦𝜔𝑦
   
 
𝑅𝑒(𝜙𝑦𝑦) =
1
𝑘𝑦
(
1 − 𝑟𝑦
2
(1 − 𝑟𝑦2)
2
+ (2𝜁𝑦𝑟𝑦)
2) ,   𝐼𝑚(𝜙𝑦𝑦) =
1
𝑘𝑦
(
−2𝜁𝑦𝑟𝑦
(1 − 𝑟𝑦2)
2
+ (2𝜁𝑦𝑟𝑦)
2) 
 
Transfer functions matrix identified at the cutter-workpiece contact zone. 
 
[𝜙(𝑖𝜔)] = [
𝜙𝑥𝑥(𝑖𝜔)
𝜙𝑦𝑥(𝑖𝜔)
 
𝜙𝑥𝑦(𝑖𝜔)
𝜙𝑦𝑦(𝑖𝜔)
]                                                                                   (4.17) 
 
Where ∅𝑥𝑥(𝑖𝜔) and ∅𝑦𝑦(𝑖𝜔) are the direct transfer functions in x and y directions, 
and  ∅𝑥𝑦(𝑖𝜔) and ∅𝑦𝑥(𝑖𝜔) are the cross transfer functions. The vibration vectors at the 
present time (𝑡)  and previous tooth period (𝑡 − 𝜏) are defined as [21, 44] . 
{𝑛} = {
𝑥(𝑡)
y(t)
}     𝑎𝑛𝑑     {𝑛0} = {
𝑥(𝑡 − 𝜏)
y(t − τ)
}                                                                 (4.18) 
 
Describing the vibrations at the chatter frequency 𝜔𝑐 in the frequency domain using 
harmonic functions, 
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{𝑛(𝑖𝜔𝑐)} = [𝜙(𝑖𝜔)]{𝐹}𝑒
𝑖𝜔𝑐𝑡    
 
{𝑛0(𝑖𝜔𝑐)} = 𝑒−𝑖𝜔𝑐𝜏{𝑛(𝑖𝜔𝑐)}     
   }                                                                             (4.19)  
 
Substituting  {∆} = {(𝑥 − 𝑥0)    (𝑦 − 𝑦0)}
𝑇  gives, 
 
{∆(𝑖𝜔𝑐)} =   {𝑛(𝑖𝜔𝑐)} − {𝑛0(𝑖𝜔𝑐)}  
 
                 = [1 − 𝑒−𝑖𝜔𝑐𝜏]𝑒𝑖𝜔𝑐𝑡[𝜙(𝑖𝜔𝑐)]{𝐹}                                                               (4.20) 
 
Where 𝜔𝑐𝜏 is the phase delay between the vibrations at successive tooth periods 𝜏. 
Substituting (4.20) into equation (4.16) gives, 
{𝐹}𝑒𝑖𝜔𝑐𝑡 =
𝑎 𝐾𝑡
2
 [1 − 𝑒−𝑖𝜔𝑐𝜏][𝐴0][𝜙(𝑖𝜔𝑐)] {𝐹}𝑒
𝑖𝜔𝑐𝑡                                            (4.21) 
 
This has non-trivial solution if its determinant is zero. 
 
det [[𝐼] −
𝑎 𝐾𝑡
2
 [1 − 𝑒−𝑖𝜔𝑐𝜏][𝐴0][𝜙(𝑖𝜔𝑐)]] = 0                                                      (4.22)
 
 
Equation (4.22) is the characteristic equation of the closed loop dynamic milling 
system. The oriented transfer function matrix [𝜙0(𝑖𝜔)]is: 
[𝜙0(𝑖𝜔)] = [
𝜙𝑥𝑥(𝑖𝜔)
𝜙𝑦𝑥(𝑖𝜔)
 
𝜙𝑥𝑦(𝑖𝜔)
𝜙𝑦𝑦(𝑖𝜔)
] [
𝛼𝑥𝑥
𝛼𝑦𝑥
 
𝛼𝑥𝑦
𝛼𝑦𝑦
]                                                            (4.23) 
 
The eigenvalue of the characteristic equation is: 
 
𝜆 =
𝑁
4𝜋
 𝑎 𝐾𝑡 [1 − 𝑒
−𝑖𝜔𝑐𝜏]                                                                                             (4.24) 
 
The characteristic equation can be rewritten  as: 
 
det[[𝐼] − 𝜆[𝜙0(𝑖𝜔𝑐)]] = 0                                                                                            (4.25) 
 
The eigenvalue of the above equation can be solved for a given chatter frequency,  
𝜔𝑐, by setting the cross transfer function zeros. 
 ∅𝑥𝑦(𝑖𝜔) = ∅𝑦𝑥(𝑖𝜔) = 0 
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 The characteristic equation becomes just a quadratic function. 
 
𝑎0 𝜆
2 + 𝑎1𝜆 + 1 = 0                                                                                                       (4.26) 
   
Where 
 
𝑎0 =  𝜙𝑥𝑥(𝑖𝜔𝑐) 𝜙𝑦𝑦(𝑖𝜔𝑐)(𝛼𝑥𝑥𝛼𝑦𝑦 − 𝛼𝑥𝑦𝛼𝑦𝑥)   
 
𝑎1 =  𝛼𝑥𝑥 𝜙𝑥𝑥(𝑖𝜔𝑐) + 𝛼𝑦𝑦 𝜙𝑦𝑦(𝑖𝜔𝑐)  
             
Then the eigenvalue is: 
 
𝜆 = −
1
 2 𝑎0 
(𝑎1 ± √ 𝑎12 − 4𝑎0 )                                                                               (4.27) 
 
Since the transfer functions are complex, then eigenvalue has a real and an imaginary 
part, 𝜆 = 𝜆𝑅𝑒+𝑖 𝜆𝐼𝑚substituting the eigenvalue and𝑒
−𝑖𝜔𝑐𝜏  = 𝑐𝑜𝑠(𝜔𝑐𝜏) + 𝑖𝑠𝑖𝑛(𝜔𝑐𝜏)  in 
equation (4.26) gives the critical axial depth of cut at chatter frequency 𝜔𝑐 , 
𝑎𝑐𝑟 = −
2𝜋
 𝑁 𝐾𝑡 
 [
𝜆𝑅𝑒(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏))+ 𝜆𝐼𝑚 𝑠𝑖𝑛(𝜔𝑐𝜏)
(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏))
    
                                                +𝑖
 𝜆𝐼𝑚(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏)) − 𝜆𝑅𝑒 𝑠𝑖𝑛(𝜔𝑐𝜏)
(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏))
]                  (4.28) 
 
Since  𝑎𝑐𝑟  is real number, then the imaginary part of equation (4.28) must vanish, 
 
𝜆𝐼𝑚(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏)) − 𝜆𝑅𝑒 𝑠𝑖𝑛(𝜔𝑐𝜏) = 0 
 
𝑙𝑒𝑡       𝜅 =
𝜆𝐼𝑚
𝜆𝑅𝑒
=
 𝑠𝑖𝑛(𝜔𝑐𝜏)
(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏))
                                                                             (4.29) 
 
Substitute 𝜅 in to equation (4.28) yields: 
 
𝑎𝑐𝑟 = −
2𝜋 𝜆𝑅𝑒
 𝑁 𝐾𝑡 
    (1 + 𝜅2)                                                                                           (4.30) 
 
From equation (4.29), the angular distance travelled by the tooth due to chatter 
frequency 𝜔𝑐 , at tooth period 𝜏 is found as  
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𝜔𝑐𝜏 = 𝑐𝑜𝑠
−1 (
𝜅2 − 1
𝜅2 + 1
) = 𝑐𝑜𝑠−1(2𝜓)                                                                        (4.31) 
 
𝜔𝑐𝜏 = 𝜋 − 2𝜓 + 2𝑛𝜋 = ε + 2𝑛𝜋                                                                               (4.32) 
 
Where 
 
𝜓 = tan−1(𝜅)   ,      ε = 𝜋 − 2𝜓 
 
Where 𝜓, is the phase shift of the eigenvalue, 𝜀 is the phase shift between present and 
previous vibration marks and n is an integer number (n=0, 1,2 ,….). 
The spindle speed, , (rpm) is calculated from tooth passing period 
 
𝛺 =
60 𝜔𝑐
𝑁(𝜀 + 2𝑛𝜋)
      𝑖𝑛 (𝑟𝑝𝑚)                                                                                     (4.33) 
 
A Flowchart of the computer program for calculating the stability limits is shown in 
Fig. 4.4. The program is divided into three stages, the first stage is preprocess in which 
the program defines all necessary parameters such that tool modal parameters, mx , kx, cx , 
start and exit angles, θSt and θEx, tool diameter, d, number of cutting teeth, N, cutting 
force coefficients, Ktc and Krc etc. Second stage is the process stage; in process stage, the 
program calculates the natural frequencies and damping ratios in both directions. Also, 
calculates the coefficients of the matrix [𝐴0]. Define all initial necessary vectors such that 
frequency vector and estimating the transfer functions, [∅𝑥𝑥(𝑖𝜔)] and [∅𝑦𝑦(𝑖𝜔)]. Then 
the program starts the frequency loop, at each incremental frequency, the program 
calculates the oriented transfer [𝜙0(𝑖𝜔)] and the eigenvalues  𝜆 = 𝜆𝑅𝑒+𝑖 𝜆𝐼𝑚  , then 
program saves the eigenvalues in vectors. On the final stage, with the use of equations 
(4.29) trough (4.33), the critical axial depth of cut, acr, and the spindle speed, , can be 
easily evaluated at each chatter frequency. Finally, the program plots the stability lobe 
diagram. 
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Fig. 4.4. Flowchart for plotting Lobe stability diagram 
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CHAPTER 5 
EXPERIMENTAL SETUP 
In this work, many experiments have been carried out to investigate and study the 
effect of machining parameter on the surface quality of the high-speed milling. All 
experiments accomplished by using 3-axis vertical Cincinnati CFV 1050 SI CNC 
machine, located in the industrial and technical development center at the university of 
Missouri-Columbia. This machine has the capability to cut metals at high speeds. The 
maximum rotational speed is 20,000 rpm. The table of the CNC machine moves in the x 
and y-directions, and the spindle moves in the z-direction.  Details of all experiments and 
the experimental methods are presented in this chapter 
 
5.1 - Experimental Forces Setup and Procedure  
This section describes the experimental forces measurements for milling system. The 
forces were conducted by using KISTLER dynamometer type (9124B). This rotating 
cutting force dynamometer can be used for the dynamic and quasi-static measurements of 
three force components 𝐹𝑥 , 𝐹𝑦, 𝐹𝑧  as well as of the moment 𝑀𝑧 on the tool cutting edges. 
The dynamometer is fitted in the machine tool spindle using the conical machine adapter. 
Also, mounting bracket was made for the purpose of fixing and fitting the stator so that it 
is concentric with the dynamometer with maintaining a gap of 2 mm. The stator is the 
sending and receiving unit of the stationary side of the measuring system. 
   Cutting force coefficients were extracted for dry machining of the aluminum alloy 
AL6061-T6511 and AL7075-T651. A vise was used to clamp the workpiece in the CNC 
machine table. Both workpieces are approximately 254 mm (10 in) long, 152 mm (6 in) 
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wide and 76 mm (3 in) thick. Furthermore, both axial depth of cut, a, and radial 
immersion percentage are kept constant at 2 mm and 100% respectively. The feed rate, f, 
was changed from 0.05 mm/tooth to 0.30 mm/tooth in steps of 0.05 mm/rev. Solid 
carbide end-mill cutting tools having two flutes (2 teeth) and 12.7 mm (0.5 in) diameter 
with three different helix angles were used, straight flutes, 300 and 450 helix angle. Both 
short and long tools of 300 helix angle are having the same cutting geometry. Also, all 
tools were mounted separately to the same tool-holder of the dynamometer. Different 
types of cutting tools were used are shown in Fig. 5.1.  
 
Fig. 5.1. End-mill cutting tools used to extract the forces coefficients. Starting from top, 
straight flutes, short tool with 300 helix angle, long tool with 300 helix angle and long 
tool with 450 helix angle. 
 
 
Data were collected by using a National Instruments data acquisition card. This card 
was connected to the computer and multichannel signal conditioner through another 
signal conditioner come with the data acquisition card. The multichannel signal 
conditioner is the signal supply and output/control unit for the rotating dynamometer. The 
signals from the dynamometer are sampled at a rate of 40 kHz. Moreover, both 
LabView® and Matlab® software products were also used to process the data, present 
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and graph the forces results. The general description of the experimental setup of 
conducting forces is shown in Fig. 5.2.  
 
Fig. 5.2. Experimental set-up showing the end-mill cutting tool, the dynamometer mounted on 
the machine spindle, the workpiece mounted on the machine table, the multichannel 
signal conditioner and A PC screen showing LabView® instrument used to record 
force data. 
 
5.1.1 - Forces Calibration  
The calibration of the forces 𝐹𝑥  and 𝐹𝑦  components were accomplished by using a 
simple pulley system. On the other hand, the calibration of the force 𝐹𝑧 component was 
accomplished by using simple lever system. The dynamometer count is adjusted in x-
direction for calibrating 𝐹𝑥 and in y-direction for calibrating 𝐹𝑦. The steel cable was 
connected to the tool and pass through a pulley with leveling it horizontally. The force 
was added in the form of weight to the other end of the cable, the dynamometer provided 
an equivalent force. Calibrating 𝐹𝑧  component was done by using a simple lever with 
balancing it carefully. The lever transmits a thrust force due to the added weight, which 
acts in z-direction. This process is repeated several times for each force direction to 
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insure the accuracy of calibration measurement. The forces calibration setup is depicted 
in Fig.5.3. 
LabView® program is developed to obtain the equivalent voltage output from the 
sender part of the force dynamometer. Nine different forces and their corresponding 
voltages are recorded for all directions, calibration curves and fitted equations are 
generated by using Matlab®. The calibration results and corresponding linear 
relationships are shown in Table 5.1 and Fig. 5.4, respectively. 
 
Fig. 5.3. System setup for forces calibration 
 
 
Table 5.1. Voltage and force values for forces calibration 
𝑭𝒙  Calibration  𝑭𝒚 Calibration  𝑭𝒛 Calibration 
lb Newton Volt-x  lb Newton Volt-y  Lb Newton Volt-z 
7.2 32.0272 0.17  7.2 32.0271 0.175  5 22.241 0.04 
12.2 54.2683 0.29  12.2 54.2683 0.3  10 44.482 0.09 
17.2 76.5094 0.41  17.2 76.5094 0.425  15 66.723 0.155 
22.2 98.7505 0.54  22.2 98.7505 0.555  20 88.964 0.23 
27.2 120.992 0.66  27.2 120.991 0.68  25 111.21 0.29 
32.2 143.233 0.78  32.2 143.232 0.81  30 133.45 0.36 
36.2 161.026 0.88  36.2 161.025 0.91  34 151.24 0.41 
39.2 174.37 0.96  39.2 174.370 0.98  37 164.58 0.45 
59.15 263.112 1.445  59.15 263.112 1.48  56.95 253.33 0.73 
𝑭𝒙 = 𝟏𝟖𝟎. 𝟖𝟏 𝑽𝒙 + 𝟏.𝟔𝟔𝟓𝟗  𝑭𝒚 = 𝟏𝟕𝟔. 𝟕𝟑𝑽𝒚 + 𝟎. 𝟗𝟏𝟑𝟗  𝑭𝒛 = 𝟑𝟑𝟐. 𝟑 𝑽𝒛 + 𝟏𝟑. 𝟒𝟏𝟒 
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Fig. 5.4. Forces calibration curves 
 
 
5.1.2 -Torque Calibration  
The torque 𝑇 was also calibrated by using a simple pulley system. Both directions 
clockwise (𝐶𝑊) and counterclockwise (𝐶𝐶𝑊) were calibrated. The moment arm length 
was one foot, so all torques could be easily calculated in lb-ft. The steel cable was 
connected to the moment arm and pass through a pulley with leveling it horizontally. The 
perpendicularity of the moment arm to the dynamometer and to the cable was taken 
carefully into account. The force was added in the form of weight to the other end of the 
cable, the dynamometer provided an equivalent torque. The lever transmits a torque due 
to the added weight times arm length. This process is repeated several times for each 
torque direction to insure the accuracy of calibration measurement. The torque calibration 
setup is depicted in Fig. 5.5. 
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Fig. 5.5. System setup for torque calibration 
 
 
The LabView® program is used to obtain the equivalent voltage output from the 
force dynamometer. Eight different forces and their corresponding voltages are recorded 
for all directions, calibration curves and fitted equations are generated by using Matlab®. 
The calibration results and corresponding linear relationships are shown in Table 5.2 and 
Fig. 5.6, respectively. 
Table 5.2. Forces and Voltage values for Torque calibration 
𝑻𝑪𝑾  Calibration  𝑻𝑪𝑪𝑾  Calibration 
lb Newton N.m Volt-CW  Lb Newton N.m Volt-CCW 
7.2 32.03 9.762 0.85  7.2 32.0272 9.762 -0.85 
12.2 54.27 16.54 1.4  12.2 54.2683 16.54 -1.45 
17.2 76.51 23.32 2  17.2 76.5094 23.32 -2.1 
22.2 98.75 30.1 2.55  22.2 98.7505 30.1 -2.7 
27.2 121 36.88 3.2  27.2 120.992 36.88 -3.3 
32.2 143.2 43.66 3.8  32.2 143.233 43.66 -3.85 
36.2 161 49.08 4.25  36.2 161.026 49.08 -4.35 
39.2 174.4 53.15 4.6  39.2 174.37 53.15 -4.7 
𝑻𝑪𝑾 = 𝟏𝟏. 𝟒𝟕𝟏 𝑽𝑪𝑾 + 𝟎. 𝟑𝟑𝟐𝟒𝟔  𝑻𝑪𝑪𝑾 = −𝟏𝟏. 𝟐𝟖𝟔 𝑽𝑪𝑪𝑾 − 𝟎. 𝟎𝟓𝟗𝟕𝟖𝟔 
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Fig. 5.6. Torque calibration curves 
 
5.2 - Experimental Setup for Measuring Tool Displacement and Vibration  
This part describes the experimental setup for the measurements of milling tool 
vibration and displacement. The end-mill Tool displacements were measured using 
capacitance sensors. Also, a pulse per revolution signal was counted and obtained by 
using a laser tachometer. More details for the system configuration and capacitance 
sensors calibration are presented in the next sections.  
5.2.1 - System Configuration  
The end-mill tool was mounted into the tool-holder that made especially for high-
speed usage. End-mill tools and the tool-holder are shown in fig. 5.7. An aluminum 
fixture was secured in the milling machine quill. The fixture was made for the purpose of 
fixing and fitting the capacitance sensors and the laser tachometer so that they are 
concentric and perpendicular to the tool centerline. Two capacitance sensors were 
fastened into the fixture for reading tool displacement in x and y-directions. The 
centerlines of both capacitance sensors were placed to be perpendicular to the centerline 
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of the tool. A laser tachometer was fastened into the fixture so pulse per revolution timing 
signal can be easily counted and obtained. Furthermore, adhesive paper is placed on the 
tool to reflect the laser beam away from the receiving part of the tachometer sensor (The 
signal is positive or logic 1 when a reflection is detected). Reflection occurs when the 
laser beam hits the metal surface of the cutting tool. The data acquisition system was 
employed for processing and saving the data. The signals from the capacitance sensors and 
tachometer are sampled at a rate of 100 kHz for slot and end milling experiments. However, 
the experimental data for end milling bifurcation are sampled at a rate of 50 kHz. The 
general description of the experimental setup is shown in Fig. 5.8. 
 
 
Fig. 5.7. End-mill cutting tools were used in this study. Starting from lift, 300 helix angle, 350 
helix angle, 400 helix angle,  450 helix angle and the tool holder.  
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Fig. 5.8. Experimental setup showing the end-mill tool, the fixture mounted on the machine 
quill, the workpiece mounted on the machine table and bottom view shows the sensors 
setup. A Data Acquisition (DAC) system is also depicted. 
 
5.2.2 - Capacitance Sensors Calibrations  
The capacitive sensors were calibrated by measuring the distance between the tool 
and capacitance sensors (see Fig. 5.9). The distance, d, was changed from 0.005in (.127 
mm) to 0.030 in (0.762 mm) in steps of 0.005 in (.127 mm). LabView® program was 
used to obtain the equivalent voltage output from the sender and the data was saved to the 
Laptop. Six different distances and their corresponding voltages are recorded for both 
sensors. To insure the accuracy, the calibration was done while the spindle is rotating at 
3600 rpm. Furthermore, the calibration was done for four tools and repeated for any tool 
change. All tools were used in this study are made of solid carbide having the same 
length and 6 in (152.4 mm) and diameter 0.5 in (12.7 mm). Nevertheless, the tool helix 
angles are 300, 350, 400 and 450 degrees. The calibration curves are classified according 
to the helix angles. Calibration curves and fitted equations were generated by using 
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Matlab®. The calibration results and corresponding linear relationships are shown in 
table 5.3 and Figs. 5.10 through 5.14.  
 
Fig. 5.9. Schematic of the capacitive sensor calibration. 
 
 
Table 5.3. Displacements and Voltage values for Capacitance sensors calibration 
Displacement 
(d) 
Measured Voltage 
Tool #1 Tool #2 Tool #3 Tool #4 
300 350 400 450 
Inch mm volt-x volt-y volt-x volt-y volt-x volt-y volt-x volt-y 
0.005 0.127 2.222 1.900 3.615 3.788 1.933 2.149 2.549 2.257 
0.010 0.254 3.710 3.353 5.161 5.321 3.459 3.647 4.128 3.726 
0.015 0.381 5.310 4.806 6.586 6.619 4.823 4.983 5.562 5.144 
0.020 0.508 6.549 6.105 7.888 8.046 6.258 6.361 6.930 6.534 
0.025 0.635 8.049 7.520 9.506 9.713 7.530 7.828 8.217 7.868 
0.030 0.762 9.364 9.051 - - 9.024 9.357 9.694 9.379 
 
 
Fig. 5.10. Experimental voltage response versus gab displacement for tool #1 (Helix angle 300) 
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Fig. 5.11. Capacitance sensors calibration curves for tool #1 (300 helix angle) 
 
 
Fig. 5.12. Capacitance sensors calibration curves for tool #2 (350 helix angle). 
 
 
 
Fig. 5.13. Capacitance sensors calibration curves for tool #3 (400 helix angle). 
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Fig. 5.14. Capacitance sensors calibration curves for tool #4 (450 helix angle). 
 
5.2.3 - Tool Tip Displacement and Calibration 
The capacitive sensors read the displacements of the tool at a location higher than the 
cutting location. To calculate the tool displacement at tool tip a relationship is needed. 
The milling tool structure is modeled as a cantilever beam fixed at the tool holder. The 
total length of the cantilever is L, the length from tool holder to the sensors location is 
measured, L1 (see Fig. 5.15).  
 
Fig. 5.15. Schematic of the deflection of end milling tool. 
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By using the deflection formula of cantilever beam yields: 
𝛿(𝑥) =
𝐹
6𝐸𝐼
(3𝐿𝑥2 − 𝑥3)    ⇒   {
      𝛿1 =
𝐹
6𝐸𝐼
(3𝐿𝐿1
2 − 𝐿1
3)
𝛿2 =
𝐹
6𝐸𝐼
(2𝐿3)      
                                 (5.1)   
⇒     𝛿2 = 𝛿1
2𝐿3
 (3𝐿𝐿1
2 − 𝐿1
3) 
                                                                                          (5.2)   
 
 
Where
: 
δ1 𝑎𝑛𝑑 𝐿1 
Tool deflection and distance at sensors location 
 𝛿2 𝑎𝑛𝑑 𝐿 Tool deflection and distance at tool end 
 
The tool deflections at the sensor (δ1) and tool tip (δ2) are calibrated by measuring the 
displacements at tool end and sensor location. The CNC table, on which the hold-down 
block is mounted, is moved in the feed direction to apply known displacement at the tool 
tip. Displacement at the sensor location is measured using the measure gauge (see Fig. 
5.16). The distance, δ1, is changed from 0.001 to 0.010 inches in steps of 0.001 inch. Ten 
different distances and their corresponding deflections at the tool tip location are 
recorded. Calibration curve and fitted equation is generated by using Matlab®. The 
calibration results are shown in table 5.4 and Figure 5.17. The tool extends from the tool 
holder approximately 4
5
16
𝑖𝑛 (109.54 mm) which is the measured length, L. The distance 
between the sensor location and tool tip is 2.25 in (57.15 mm), 𝐿 − 𝐿1 = 2
1
4
 𝑖𝑛. In order 
to find the base location of the fixed point of the cantilever beam, Matlab function 
fminsearch is used to determine the length, L that makes the observed data fits equation 
(5.2). The optimized length is (𝐿∗ = 4
21
32
 𝑖𝑛). 
Table 5.4. Displacements at sensor and tool end locations 
δ1  0.0010 0.0020 0.0030 0.0040 0.0050 0.0060 0.0070 0.0080 0.0090 0.010 
𝜹𝟐 
Trail # 1 0.0024 0.0051 0.0087 0.0118 0.0147 0.0178 0.0207 0.0239 0.0267 0.0295 
Trail # 2 0.0023 0.0066 0.0091 0.0126 0.0156 0.0183 0.0213 0.0245 0.0277 0.0309 
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Fig. 5.16.  Experimental setup for measuring deflections at tool end and sensor locations 
 
 
Fig. 5.17.  Tool deflection and calibration curve for tool #1 (300 helix angle). 
 
 
 
 
 
 
 
 
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
0
0.005
0.01
0.015
0.02
0.025
0.03
Deflection at sensor location (inch)
D
e
fl
e
c
ti
o
n
 a
t 
to
o
l 
ti
p
 (
in
c
h
)
 
 
   Linear fit
    Experimental data
  
 
66 
5.3 - Modal Testing of Machine Structure 
This section describes the experimental setup and procedure for the measurements of 
milling tool modal parameters. In this work, an Impact hammer and accelerometer were 
used to analyze and determine the modal parameters of the tool structure. The modal 
parameters are the equivalent mass of the tool structure, m, the tool stiffness, k, and the 
damping coefficient, c. Since the excitation is applied in one direction, then the end-mill 
tool can be modeled as a single degree of freedom system subjected to impulsive force 
(See Fig. 5.18).  
 
Fig. 5.18. The milling tool is modeled as a mass spring damper system (SDOF) 
 
5.3.1 - Impulse Response of SDOF System  
An impulse is a force, which is applied over a very short time when compared to the 
period of vibration. The impulse response of a mechanical system can be observed when 
the system is subjected to very large force for a very short period of time, for instance, 
when a hammer or pullet hits the dynamic system [45]. Mathematically, such an impulse 
input can be expressed by an impulse function [45].  
From linear impulse and momentum 
𝐹 = 𝑚 𝑎 = 𝑚 
𝑑𝑣
𝑑𝑡
=
𝑑
𝑑𝑡
(𝑚 𝑣) =
𝑑
𝑑𝑡
(𝐿)                                                                     (5.3)   
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Where
: 
vam ,,
 
System mass , acceleration and velocity 
 mvL 
 
Linear momentum 
 
The force acts for short time period  ∆𝑡 = 𝑡2 − 𝑡1 
⇒ 𝐿𝑖𝑛𝑒𝑎𝑟 𝑖𝑚𝑝𝑢𝑙𝑠𝑒 = 𝐼 = ∫ 𝐹 𝑑𝑡
𝑡2
𝑡1
                                                                             (5.4)   
Linear impulse = change in momentum 
𝐼 = ∫ 𝐹 𝑑𝑡
𝑡2
𝑡1
 = 𝐿2 − 𝐿1 = 𝑚(𝑣2 − 𝑣1)                                                                       (5.5)   
 
Where
: 
𝑡1 𝑎𝑛𝑑 𝑡2 
Time before and after impact 
 𝑣1 𝑎𝑛𝑑 𝑣2 
Velocities before and after impact 
 
In hammer impact test, the velocity of the system before impact is zero, 𝑣1 = 0 
⇒ 𝑣2 = ∫ 𝐹 𝑑𝑡
𝑡2
𝑡1
 𝑚⁄                                                                                                        (5.6)   
The tool structure system has an initial velocity equal to the velocity after impact, 
then the tool system has those initial conditions. 
𝑥0 = 𝑥(0) = 0                         
 
?̇?0 = ?̇?(0) = ∫ 𝐹 𝑑𝑡
𝑡2
𝑡1
 𝑚⁄      
   }                                                                                  (5.7)   
 
Response of Damped SDOF System  
 
𝑚?̈?(𝑡) +  𝑐?̇?(𝑡) +  𝑘𝑥(𝑡) = 0                                                                                       (5.8)   
 
?̈? +  2𝜉𝜔𝑛?̇? + 𝜔𝑛
2 𝑥 = 0                                                                                                 (5.9)   
 
Where: mkn /  Natural frequency of the tool structure system 
 )2( mkc
 
Damping ratio of the tool structure system 
 
The general solution of the underdamped SDOF system is: 
𝑥(𝑡) = 𝑒−𝜉𝜔𝑛 𝑡  [
 ?̇?0 + 𝜉𝜔𝑛𝑥0 
𝜔𝑑
 𝑠𝑖𝑛(𝜔𝑑 𝑡) + 𝑥0 𝑐𝑜𝑠(𝜔𝑑 𝑡)]                                 (5.10) 
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𝜔𝑑 = 𝜔𝑛√1 − 𝜉2       𝑎𝑛𝑑       𝜉 < 1 
 
Applying the initial conditions 𝑥0 = 0  yeilds:
 
𝑥(𝑡) =  ?̇?0 𝑒
−𝜉𝜔𝑛 𝑡  [
𝑠𝑖𝑛(𝜔𝑑 𝑡)
𝜔𝑑
 ]                                                                                   (5.11) 
 
?̇?(𝑡) =  ?̇?0 𝑒
−𝜉𝜔𝑛 𝑡 [𝑐𝑜𝑠(𝜔𝑑 𝑡) − 
  𝜉 𝜔𝑛 
𝜔𝑑
 𝑠𝑖𝑛(𝜔𝑑 𝑡) ]                                             (5.12) 
 
?̈?(𝑡) =  ?̇?0 𝑒
−𝜉𝜔𝑛 𝑡 [
  𝜉2 𝜔𝑛
2 − 𝜔𝑑
2   
𝜔𝑑
 𝑠𝑖𝑛(𝜔𝑑 𝑡) − 2𝜉 𝜔𝑛 𝑐𝑜𝑠(𝜔𝑑 𝑡) ]                  (5.13) 
 
𝑜𝑟        ?̈?(𝑡) =  ?̇?0 𝑒
𝑎𝑡 [
  𝑎2 − 𝑏2  
𝑏
 𝑠𝑖𝑛(𝑏 𝑡) + 2𝑎 𝑐𝑜𝑠(𝑏 𝑡)) ]                              (5.14) 
 
Where:     𝑎 =  
𝑐
2𝑚
   and    𝑏 = √ 
𝑘
𝑚
− (
𝑐
2𝑚
)
2
   
Equation, 5.14 is the acceleration response as a function of m, c and k. After 
performing the experimental test, the unknown modal parameters of the tool structure can 
be determined.  
 
5.3.2 - Experimental Procedure of Modal Test 
This section describes the procedure of the performed experimental modal tests to 
identify the tool structure parameters. A KISTLER model (9722A500) impact hammer is 
used as excitation mechanism. The hammer sensitivity constant and working force range 
are (10 mV/N) and (0 - 500 N) respectively. Also, A PCB model (352B10) accelerometer 
with calibration constant (1.02 mV/(m/s2) is used to read the tool structure acceleration 
response. Both the hammer and the accelerometer cables are connected to a signal 
conditioner. The accelerometer is glued at the bottom of the end side of the tool; an 
excitation force is applied on the other side of the tool. The impact direction is 180 
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degrees with the accelerometer centerline. A computer having LabView® software is 
used to process and save the voltage signals from the accelerometer and impact hammer 
through a data acquisition system (DAC). The signals from the accelerometer and the 
impact hammer are sampled at a rate of 100 kHz. The schematic of the modal test is shown 
in Fig. 5.19. 
 
Fig. 5.19. Schematic of the modal test setup 
 
The saved voltage data from the impact hammer and accelerometer are converted to 
values of force (N) and acceleration (m2/s) respectively, with using the above calibration 
constants (See Fig. 5.20). The linear impulse can be determined by integrating the impact 
force during the impact time (equation 5.4). There are three unknown parameters in the 
equation 5.13, which they are the effective mass, m, damping ratio, ζ and natural 
frequency,  𝜔𝑛  or effective mass, m, damper coefficient, c and tool stiffness, 𝑘 , at 
equation 5.14. The efficient method for searching on the optimal parameters that makes 
the analytical acceleration response matches the experimental acceleration response is the 
optimization method. The Unconstrained objective function can be created as follows: 
Objective function:   𝑓(𝑚, 𝑐, 𝑘) = ‖?̈?(𝑡)𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙 − ?̈?(𝑡)𝐴𝑛𝑎𝑙𝑦𝑎𝑡𝑖𝑐𝑎𝑙‖
2
= 𝒎𝒊𝒏 
Design parameters:  𝑚 , 𝑐  𝑎𝑛𝑑  𝑘 
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With the use of Matlab® optimization toolbox, the unconstrained objective function 
can be minimized. By starting with an appropriate initial guess values, the program will 
allow the value for each parameter to alternate until the minimum of the objective 
function is achieved. Once optimal values are found, the Analytical acceleration response 
generated using equation 5.14 is then approximated the experimental response. The 
experimental and the analytical responses are shown in Fig. 5.22. 
 
Fig. 5.20. Experimental response of milling tool structure showing hammer impulse response 
(red) and acceleration response (blue).   
 
 
Fig. 5.21. Frequency response of experimental acceleration response of milling tool structure. 
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Fig. 5.22. Optimized analytical response (red) approximates the experimental response (blue) 
 
 
5.4 - Surface Roughness Measurement  
Surface roughness of the milled surfaces, were measured using a Mitutoyo Surftest 
402 Profilometer, shown in Fig. 5.23, which uses a ruby tip to contact the surface. Table 
5.5 shows the specifications of the Profilometer device. The workpiece was set up beside 
the Profilometer to allow a measuring needle to run over the surface of the workpiece. 
The Profilometer has an electronic interface to display the surface roughness value. Three 
to five zones were measured in each cut approximately 0.5 in apart. These measurements 
gave the mean roughness of the surface (Ra).  
Three surface roughness measurements were done for top surface, right side surface 
and left side surface of the slot milling experiments. However, for the end milling 
experiments, surface roughness measurements were done only for side surfaces. Fig. 5.24 
shows the schematic of the roughness measurements of the slot milling.  
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Table 5.5. Specification of the Mitutoyo Profilometer 
Roughness Range ( Ra ) 1 - 2000 𝜇 in 
Cutoff Length range 0.01 - 0.5 in 
Tip shape Conical of 90° 
Tip radius 5µ m 
Measuring force 4 mN or less 
 
 
Fig. 5.23. Profilometer used to measure surface roughness. 
 
 
Fig. 5.24. Shows three surfaces were measured after performing slot milling tests, top, right 
side and left side surfaces. 
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CHAPTER 6 
DESIGN OF EXPERIMENTS (DOE) 
In this section, the experiments designed to study the effect of machining system 
parameters on the surface quality of the high-speed milling are presented. Three major 
experiments were designed, slot milling, end milling and experimental investigation of 
bifurcations in milling. To ensure effective results, the design of experimental via 
Taguchi method was used to formulate the milling experiments. The Taguchi method is a 
powerful tool for designing and analyzing high quality systems.  
6.1 - Taguchi Method and Analysis of Variance (ANOVA) 
Taguchi method is developed based on orthogonal array (OA) to investigate how the 
experimental design parameters affect the data statistics (mean, variance, etc.). The 
objective of this method is to select the optimum levels of design parameters to produce 
high quality products at low manufacturing costs. Optimization of control parameters to 
obtain best results can be achieved by using Taguchi Method. The response is most often 
obtained in the form of Signal-to-Noise ratios (S/N). OA provides a set of well balanced 
(minimum) experiments and Taguchi's Signal-to-Noise ratios (S/N), which are log 
functions of desired output, which serve as objective functions for optimization, help in 
data analysis and prediction of optimum results [46]. The signal to noise ratio (S/N) 
approach and ANOVA method is suitable to analyze the milling process. The main 
purpose of the analysis of variance (ANOVA) is to investigate which design parameters 
significantly affect the quality characteristic [47]. In ANOVA, total sum of squares (SST) 
is calculated by [47, 48]: 
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𝑆𝑆𝑇 = ∑(𝜂𝑖 − 𝜂𝑚)
2
𝑛
𝑖=1
                                                                                                     (6.1)   
 
𝜂𝑚 = 
1
 𝑛 
 ∑𝜂𝑖
𝑛
𝑖=1
                                                                                                               (6.2)  
 
 
Where: 𝑆𝑆𝑇 Total sum of squares  
 𝜂𝑖 Mean Signal to noise ratio for i 
th experiment
 
 𝜂𝑚 Total mean of Signal to noise ratios 
 𝑛 Number of  experiments in the orthogonal array 
 
The total sum of the squared deviations SST is decomposed into two sources: the sum 
of the squared deviations 𝑆𝑆𝑃 due to each process parameter and the sum of the squared 
error SSE. SSP can be calculated as [48]: 
𝑆𝑆𝑃 = ∑
 (𝑆𝜂𝑗)
2
𝑘
𝑘
𝑗=1
−
1
𝑛
 [  ∑𝜂𝑖  
𝑛
𝑖=1
]
 2
                                                                             (6.3)   
 
Where p represents one of the experiment parameters, j the level number of this 
parameter p, k the repetition of each level of the parameter p, 𝑆𝜂𝑗  the sum of the 
experimental results involving this parameter p and level j. The sum of squares from error 
parameters SSE is [48]: 
𝑆𝑆𝐸 = 𝑆𝑆𝑇 − (𝑆𝑆𝐴 + 𝑆𝑆𝐵 + 𝑆𝑆𝐶)                                                                               (6.4)   
 
The degree of freedom of each tested parameter is: 
 
𝐷𝑂𝐹𝑃 = 𝑘 − 1                                                                                                                  (6.5)   
  
The total degree of freedom is: 
 
DOF =    ∑𝐷𝑂𝐹𝑃  +  𝐷𝑂𝐹𝐸                                                                                         (6.6)   
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The variance of the parameter tested is: 
𝑉𝑃 = 𝑆𝑆𝑃/𝐷𝑂𝐹𝑃                                                                                                              (6.7)   
 
 Then, the F-value for each design parameter is simply the ratio of the mean of 
squares deviations to the mean of the squared error: 
𝐹𝑃 = 𝑉𝑃/𝑉𝐸                                                                                                                        (6.8)   
 
The percentage contribution is: 
 
𝜌𝑃 = 𝑆𝑆𝑃/𝑆𝑆𝑇                                                                                                                  (6.9)   
 
The formulas for calculating the S/N ratio for “smaller the better” and “larger the 
better” are followed: 
                                         𝑆𝑁 =  −10 𝑙𝑜𝑔10(𝑀𝑆𝐷)                                                     (6.10) 
 
 
Smaller the better    𝑆𝑁 =  −10 𝑙𝑜𝑔10 (
1
 𝑛 
 ∑ 𝑦𝑖
2
𝑛
𝑖=1
   )                                        (6.11) 
 
Larger the better      𝑆𝑁 =  −10 𝑙𝑜𝑔10 (
1
 𝑛 
 ∑  
1
  𝑦𝑖
2 
𝑛
𝑖=1
 )                                       (6.12) 
 
Where: 𝑆𝑁 Signal to noise ratio  
 𝑀𝑆𝐷 Mean-square deviation
 
 𝑛 Number of  repetitions or observations
 
 𝑦𝑖
2
 The observed data 
 
The general steps involved in the Taguchi Method are as follows: 
1. Define the process. 
2. Determine the design parameters affecting the process. 
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3. Determine the number of levels for each parameter. 
4. Select a suitable orthogonal array for the experiment. 
5. Conduct the experiments data. 
6. Calculate S/N ratio for each combination of the tested parameters. 
7. Calculate ANOVA table for S/N ratios. 
8. Analyze the data, to optimize the process and predict the optimum levels for 
design parameters. 
 
Steps 6 to 8 are used to discuss and analyze the results in chapter 7. A detailed 
description for each experiment design will be presented next. 
 
6.2 – Response Surface Methodology (RSM) 
The Response surface methodology (RSM) is a collection of mathematical and 
statistical techniques that are useful for the modeling and analysis of problems in which a 
response of interest is influenced by several variables and the objective is to optimize this 
response [49-51]. Here in this study the response surface is the surface roughness (Ra) 
and the variables are the machining parameters such that cutting speed, feed rate and 
axial depth of cut, etc.  
RSM consists of a group of mathematical and statistical techniques that are based on 
the fit of empirical models to the experimental data obtained in relation to experimental 
design. Toward this objective, linear or square polynomial functions are employed to 
describe the system studied and, consequently, to explore (modeling and displacing) 
experimental conditions until its optimization [52]. The goal is to optimize the response 
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variable ?̂?, it is assumed that the independent variables are continuous and controllable 
by experiments with negligible errors [51]. 
In order to determine a critical point (maximum, minimum, or saddle), it is necessary 
for the polynomial function to contain quadratic terms according to the equation 
presented below [52]: 
?̂? = 𝛽0 + ∑ 𝛽𝑖𝑥𝑖
𝑘
𝑖=1
+ ∑ 𝛽𝑖𝑖𝑥𝑖
2
𝑘
𝑖=1
+ ∑ 𝛽𝑖𝑗𝑥𝑖𝑥𝑗
𝑘
1≤ 𝑖≤ 𝑗
+ 𝜀                                (6.13)   
 
Where: ?̂? System response surface   
 𝑥𝑖  Machining process parameters 
 𝑘 Number of variables 
 𝛽0 The constant term 
 𝛽𝑖 Coefficients of the linear parameters 
 𝛽𝑖𝑖 Coefficients of the quadratic parameter 
 𝛽𝑖𝑗 Coefficients of the interaction parameters 
 𝜀 Noise or error associated with the experiments. 
 
The determination of optimum conditions is accomplished by differentiation the 
above equation (6.13), equates it to zero, and then solving set of linear equations. The 
quadratic function obtained for three variables is described below: 
?̂? = 𝛽0 + 𝛽1𝑥1 + 𝛽2𝑥2 + 𝛽3𝑥3 + 𝛽11𝑥1
2 + 𝛽22𝑥2
2 + 𝛽33𝑥3
2  
                                                                 +𝛽12𝑥1𝑥2 + 𝛽13𝑥1𝑥3 + 𝛽23𝑥2𝑥3               (6.13)   
 
𝑑?̂?
𝑑𝑥𝑖
= 0    ⟹    {
    𝛽1 + 2𝛽11𝑥1 + 𝛽12𝑥2 + 𝛽13𝑥3 = 0 
   𝛽2 + 2𝛽22𝑥2 + 𝛽12𝑥1 + 𝛽23𝑥3 = 0
   𝛽3 + 2𝛽33𝑥3 + 𝛽13𝑥1 + 𝛽23𝑥2 = 0
                                     (6.14)  
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6.3 - Cutting Forces Experimental Design 
   Cutting force coefficients were extracted for dry milling of the aluminum alloy 
AL6061-T6511 and AL7075-T651. Two workpieces are approximately 10 inches (254 
mm) long, 6 inches (152 mm) wide and 3 inches (76 mm) thick. Furthermore, axial depth 
of cut, a, radial immersion percentage, RDOC, and cutting speed, 𝑉𝑠 , are kept constant at 
2 mm, 100% and 7.98 m/min respectively. The feed rate, f, was changed from 0.05 
mm/tooth to 0.30 mm/tooth in steps of 0.05 mm/tooth. Four solid carbide end-mill cutting 
tools having two flutes (2 teeth), 0.5 in (12.7 mm) diameter and cutting length 1 in (25.4 
mm) with three different helix angles were used, straight flutes, 300 and 450 helix angle 
(See table 6.2). Both short and long tools of 300 helix angle are having the same cutting 
geometry.  
Table 6.1. Factors and levels used in extraction of cutting forces coefficients 
Factors Number of levels DOF 
Material type A 2 1 
Tool type B 4 3 
Feed rate (mm//tooth) C 6 5 
  Sum = 9 
 
Table 6.2 End-mill cutting tools geometry 
Tool number Tool geometry 
Tool #1 0.5’’ in diameter, 3’’ length and 2 Straight flutes 
Tool #2 0.5’’ in diameter, 3’’ length and 2 flutes with 300 helix angle 
Tool #3 0.5’’ in diameter, 6’’ length and 2 flutes with 300 helix angle 
Tool #4 0.5’’ in diameter, 6’’ length and 2 flutes with 450 helix angle 
 
Since the experiment designed for calculating the cutting coefficients by conducting 
three component forces for each tool and material at different feed rates, then the 
experimental arrays are designed as next: 
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Table 6.3. Experimental array for extracting cutting forces of AL6061-T6511 or 
AL7075-T651 
AL6061-T6511 or AL7075-T651 
Feed rate 
(mm/tooth) 
Record force components for each tool at different feed rates 
Tool #1 Tool #2 Tool #3 Tool #4 
𝐹𝑥  𝐹𝑦  𝐹𝑧  𝐹𝑥  𝐹𝑦  𝐹𝑧  𝐹𝑥  𝐹𝑦  𝐹𝑧  𝐹𝑥  𝐹𝑦  𝐹𝑧  
0.05 - - - - - - - - - - - - 
0.10 - - - - - - - - - - - - 
0.15 - - - - - - - - - - - - 
0.20 - - - - - - - - - - - - 
0.25 - - - - - - - - - - - - 
0.30 - - - - - - - - - - - - 
 
6.4 - Slot Milling Experimental Design 
The experiments were carried out on the CNC milling machine (3-axis vertical 
Cincinnati CFV 1050 SI CNC machine). The workpiece is made of aluminum alloy 
(AL6061-T6511) which is approximately 10 in (254 mm) long, 6 in (152.4 mm) wide and 
2 in (54.8 mm) thick. The tool specification is half-inch diameter (12.7 mm) end-mill, 
helix angle 300, two flutes and made of solid carbide. In addition, Machining parameters 
(experiments factors) are cutting speed, feed rate and axial depth of cut. Consideration on 
which control factors significantly affect the slot milling process is made only on those 
factors. Other factors are considered as noise factors. Four experimental designs with 
different system parameters were performed with using three factors and three levels for 
each factor, as shown in Table 6.4. All experiments have the same degree of freedom. 
The levels of the cutting speed were changed for all experiments. However, the levels of 
feed rate and axial depth of cut are kept the same for the first three experimental designs. 
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(See Tables 6.5 through 6.8). The most suitable orthogonal array for these experiments is 
L9 via Taguchi’s method (See table 6.9). In addition, surface roughness was measured 
more than six times for each cut, with using the Profilometer for all experiments. Tables 
6.10 to 6.13 show the measured surface roughness. 
Number of degree of freedom (DOF) = number of levels – 1 
 
 Number of experiments = 8+1= 9.  L9 has been chosen. 
 
Table 6.4. Factors and levels used in slot milling experiment 
Factors Number of levels DOF 
Cutting speed (m/min) A 3 2 
Feed rate (mm/rev) B 3 2 
Axial depth of cut (mm) C 3 2 
Overall DOF  sum=8 
 
 
Table 6.5. Experimental design 1 
Factors Levels 
1 2 3 
Spindle Speed(rpm) A 4080 4920 6240 
Cutting Speed (m/ min) A 162.785 201.087 248.965 
Feed rate (mm/rev) B 0.010 0.015 0.020 
Axial depth of cut (mm) C 0.5 1.0 1.5 
 
 
Table 6.6. Experimental design 2 
Factors 
Levels 
1 2 3 
Spindle Speed(rpm) A 7080 8280 9000 
Cutting Speed (m/ min) A 282.479 330.357 359.084 
Feed rate (mm/rev) B 0.010 0.015 0.020 
Axial depth of cut (mm) C 0.5 1.0 1.5 
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Table 6.7. Experimental design 3 
Factors 
Levels 
1 2 3 
Spindle Speed (rpm) A 10080 12120 14040 
Cutting Speed (m/ min) A 402.174 483.567 560.171 
Feed rate (mm/rev) B 0.010 0.015 0.020 
Axial depth of cut (mm) C 0.5 1.0 1.5 
 
 
Table 6.8. Experimental design 4 
Factors 
Levels 
1 2 3 
Spindle Speed (rpm) A 6300 9300 18000 
Cutting Speed (m/ min) A 251.36 371.05 718.17 
Feed rate (mm/rev) B 0.04 0.08 0.12 
Axial depth of cut (mm) C 1.00 1.50 2.00 
 
 
Table 6.9. Orthogonal array L9 
 
Experiment 
Number 
 
Machining parameter levels 
Cutting Speed Feed rate Axial depth of cut 
A B C 
1 1  (Level 1) 1  (Level 1) 1  (Level 1) 
2 1  (Level 1) 2  (Level 2) 2  (Level 2) 
3 1  (Level 1) 3  (Level 3) 3  (Level 3) 
4 2  (Level 2) 1  (Level 1) 2  (Level 2) 
5 2  (Level 2) 2  (Level 2) 3  (Level 3) 
6 2  (Level 2) 3  (Level 3) 1  (Level 1) 
7 3  (Level 3) 1  (Level 1) 3  (Level 3) 
8 3  (Level 3) 2  (Level 2) 1  (Level 1) 
9 3  (Level 3) 3  (Level 3) 2  (Level 2) 
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Table 6.10. Filled experimental array for experimental design1 
Exp 
# 
Spindle 
speed 
Feed 
Rate 
Axial 
depth 
of cut 
Ra   ( µm ) 
A A B B C Top surface Right side Left side 
rpm m/min mm/rev mm/min mm Trial # Trial # Trial # 
     
1 2 3 1 2 1 2 
1 4080 162.8 0.01 40.8 0.5 0.584 0.737 0.584 2.235 2.235 2.591 2.388 
2 4080 162.8 0.015 61.2 1 1.626 1.575 1.448 8.484 8.992 7.976 8.484 
3 4080 162.8 0.02 81.6 1.5 1.981 1.829 1.981 12.243 11.989 10.744 10.998 
4 4920 196.3 0.01 49.2 1 1.651 1.448 1.499 9.982 11.227 10.744 10.236 
5 4920 196.3 0.015 73.8 1.5 2.235 2.642 2.337 14.732 11.989 14.249 14.478 
6 4920 196.3 0.02 98.4 0.5 0.838 0.838 0.889 3.683 4.242 3.480 4.750 
7 6240 249.0 0.01 62.4 1.5 1.676 1.626 1.499 12.014 12.471 12.497 12.725 
8 6240 249.0 0.015 93.6 0.5 0.737 0.737 0.813 3.683 3.480 3.734 3.988 
9 6240 249.0 0.02 124.8 1 1.346 1.473 1.270 12.725 12.268 10.490 13.995 
 
 
Table 6.11. Filled experimental array for experimental design2 
Exp 
# 
Spindle 
speed 
Feed 
Rate 
Axial 
depth 
of cut 
Ra   ( µm ) 
A A B B C Top surface Right side Left side 
rpm m/min mm/rev mm/min mm Trial # Trial # Trial # 
     
1 2 3 1 2 1 2 
10 7080 282.5 0.01 70.8 0.5 0.356 0.330 0.330 1.626 1.575 1.727 1.829 
11 7080 282.5 0.015 106.2 1 1.245 1.194 1.092 6.477 7.442 7.747 6.985 
12 7080 282.5 0.02 141.6 1.5 1.346 1.448 1.295 9.017 9.855 8.230 9.982 
13 8280 330.4 0.01 82.8 1 1.397 1.549 1.575 8.763 9.246 8.992 9.246 
14 8280 330.4 0.015 124.2 1.5 2.845 2.794 2.997 20.345 20.599 22.479 17.983 
15 8280 330.4 0.02 165.6 0.5 0.483 0.432 0.279 5.105 5.359 5.486 4.978 
16 9000 359.1 0.01 90 1.5 2.896 3.150 2.946 12.243 12.979 12.725 11.735 
17 9000 359.1 0.015 135 0.5 0.432 0.483 0.533 3.734 4.140 4.242 3.988 
18 9000 359.1 0.02 180 1 1.626 1.829 2.184 18.237 20.244 15.977 16.993 
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Table 6.12. Filled experimental array for experimental design3 
Exp 
# 
Spindle 
speed 
Feed 
rate 
Axial 
depth 
of cut 
Ra   ( µm ) 
A A B B C Top surface Right side Left side 
rpm m/min mm/rev mm/min mm Trial # Trial # Trial # 
     
1 2 3 1 2 1 2 
19 10080 402.2 0.01 100.8 0.5 0.508 0.381 0.533 2.235 2.184 1.727 2.489 
20 10080 402.2 0.015 151.2 1 2.134 2.235 2.235 14.732 15.062 17.475 17.983 
21 10080 402.2 0.02 201.6 1.5 2.438 2.692 2.642 11.227 12.725 13.995 14.986 
22 12120 483.6 0.01 121.2 1 0.533 0.432 0.610 10.236 11.481 14.249 7.976 
23 12120 483.6 0.015 181.8 1.5 2.489 2.388 2.591 9.246 12.497 11.481 11.227 
24 12120 483.6 0.02 242.4 0.5 0.279 0.330 0.229 2.819 3.378 4.496 2.743 
25 14040 560.2 0.01 140.4 1.5 1.549 1.676 1.626 9.728 6.248 10.744 10.998 
26 14040 560.2 0.015 210.6 0.5 0.330 0.330 0.330 1.727 0.991 1.727 1.245 
27 14040 560.2 0.02 280.8 1 0.940 0.991 0.838 12.497 12.725 11.989 11.735 
 
 
Table 6.13. Filled experimental array for experimental design4 
Exp 
# 
Spindle 
speed 
Feed 
rate 
Axial 
depth 
of cut 
Ra   ( µm ) 
A A B B C Top surface Right side Left side 
Rpm m/min mm/rev mm/min mm Trial # Trial # Trial # 
     
1 2 3 1 2 1 2 
28 6300 251.4 0.04 248 1 0.508 0.533 0.584 0.940 0.889 1.067 1.016 
29 6300 251.4 0.08 496 1.5 1.143 1.194 1.194 1.626 1.829 1.829 1.803 
30 6300 251.4 0.12 744 2 1.930 1.981 1.880 8.484 8.738 10.490 9.931 
31 9300 371.1 0.04 372 1.5 0.889 0.940 0.889 1.880 1.981 2.083 2.057 
32 9300 371.1 0.08 744 2 1.194 1.194 1.245 2.692 2.540 2.489 2.489 
33 9300 371.1 0.12 1116 1 0.686 0.686 0.787 1.295 1.499 1.499 1.448 
34 18000 718.2 0.04 720 2 0.330 0.381 0.356 0.711 0.686 0.686 0.686 
35 18000 718.2 0.08 1440 1 0.381 0.381 0.432 0.737 0.711 0.686 0.737 
36 18000 718.2 0.12 2160 1.5 0.432 0.381 0.381 0.610 0.660 0.584 0.584 
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6.5 - End Milling Experimental Design 
The experiments were carried out on the CNC milling machine (3-axis vertical 
Cincinnati CFV 1050 SI CNC machine). The workpiece is made of aluminum alloy 
(AL6061-T6511) which is approximately 10 in (254 mm) long, 6 in (152.4 mm) wide and 
2 in (54.8 mm) thick. Four different tools made of solid carbide were used in the 
experiments. All end-mill cutting tools have the same geometry except helix angles are 
different, the specification of tools are half-inch diameter (12.7 mm), two flutes and total 
length 6 in (152.4 mm). In addition, Machining parameters (experiments factors) are 
cutting-speed, feed rate, axial depth of cut, radial depth of cut (radial immersion %) and 
helix angle. Furthermore, both up and down milling cases were performed. Different 
system parameters were used with using six factors and four levels for each factor, as 
shown in Tables 6.14 and 6.16. The most suitable orthogonal array for these experiments 
is L’16 via Taguchi’s method (see table 6.15). Since the factor F has two levels, for that 
L’16 is used twice for high accuracy. Consideration on which control factors significantly 
affect the end milling process is made only on those factors. Other factors are considered 
as noise factors. In addition, surface roughness was measured more than six times for 
each cut, with using the Profilometer for all experiments. Tables 6.17 and 6.18 show the 
measured surface roughness of the up and down milling process respectively. 
Number of experiments = 16+1= 17. So L’16 was chosen with elimination of 
unnecessary columns. Also, this orthogonal array was used twice for each cut type (up 
milling or down milling) (See Table.6.16). 
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Table 6.14. Factors and levels used in end milling experiment 
Factors Number of levels DOF 
Spindle Speed(rpm) A 4 3 
Feed rate (mm/rev) B 4 3 
Axial depth of cut (mm) C 4 3 
Radial immersion (%) D 4 3 
Helix angle (deg) E 4 3 
End Milling Type F 2 1 
Overall DOF  sum=16 
 
Table 6.15. Orthogonal array L’16 
 
Exp 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Number 
 
Cutting parameter levels 
Cutting 
Speed 
Feed rate 
Axial depth 
of cut 
Radial 
immersion 
Helix angle 
A B C D E 
1 1  (Level 1) 1  (Level 1) 1  (Level 1) 1  (Level 1) 1  (Level 1) 
2 1  (Level 1) 2  (Level 2) 2  (Level 2) 2  (Level 2) 2  (Level 2) 
3 1  (Level 1) 3  (Level 3) 3  (Level 3) 3  (Level 3) 3  (Level 3) 
4 1  (Level 1) 4  (Level 4) 4  (Level 4) 4  (Level 4) 4  (Level 4) 
5 2  (Level 2) 1  (Level 1) 2  (Level 2) 3  (Level 3) 4  (Level 4) 
6 2  (Level 2) 2  (Level 2) 1  (Level 1) 4  (Level 4) 3  (Level 3) 
7 2  (Level 2) 3  (Level 3) 4  (Level 4) 1  (Level 1) 2  (Level 2) 
8 2  (Level 2) 4  (Level 4) 3  (Level 3) 2  (Level 2) 1  (Level 1) 
9 3  (Level 3) 1  (Level 1) 3  (Level 3) 4  (Level 4) 2  (Level 2) 
10 3  (Level 3) 2  (Level 2) 4  (Level 4) 3  (Level 3) 1  (Level 1) 
11 3  (Level 3) 3  (Level 3) 1  (Level 1) 2  (Level 2) 4  (Level 4) 
12 3  (Level 3) 4  (Level 4) 2  (Level 2) 1  (Level 1) 3  (Level 3) 
13 4  (Level 4) 1  (Level 1) 4  (Level 4) 2  (Level 2) 3  (Level 3) 
14 4  (Level 4) 2  (Level 2) 3  (Level 3) 1  (Level 1) 4  (Level 4) 
15 4  (Level 4) 3  (Level 3) 2  (Level 2) 4  (Level 4) 1  (Level 1) 
16 4  (Level 4) 4  (Level 4) 1  (Level 1) 3  (Level 3) 2  (Level 2) 
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Table 6.16. Experimental design 
Factors Level 1 Level 2 Level 3 Level 4 
Spindle Speed (rpm) A 6000 8040 10080 12000 
Cutting Speed (m/min) A 239.389 320.782 402.174 478.779 
Feed rate (mm/rev) B 0.01 0.02 0.03 0.04 
Axial depth of cut (mm) C 2 2.5 3 3.5 
Radial immersion ( % ) D 3% 6% 9% 12% 
Radial Depth of cut {  
(mm)
(in)
 
 
D 
0.381 
(0.015”) 
0.762 
(0.03”) 
1.143 
(0.045”) 
1.524 
(0.06”) 
Helix angle E 300 350 400 450 
End Milling Type F 
Up 
Milling 
Down 
Milling 
- - 
 
 
Table 6.17. Filled experimental array for up milling process 
Exp   
# 
Spindle 
speed 
Cutting 
speed 
Feed rate 
Axial 
depth 
of cut 
Radial 
immersion 
Helix 
angle Ra (µm) 
A A B B C D D E 
Rpm m/min mm/rev mm/min mm % mm degree Trial#1 Trial#2 Trial#3 
1 6000 239.4 0.01 60 2 3% 0.381 30 1.9304 2.1336 2.0828 
2 6000 239.4 0.02 120 2.5 6% 0.762 35 4.9784 5.9944 5.7404 
3 6000 239.4 0.03 180 3 9% 1.143 40 3.4798 2.7432 2.9972 
4 6000 239.4 0.04 240 3.5 12% 1.524 45 13.4874 11.9888 14.986 
5 8040 320.8 0.01 80.4 2.5 9% 1.143 45 10.9982 11.7348 12.9794 
6 8040 320.8 0.02 160.8 2 12% 1.524 40 2.2352 1.7272 2.7432 
7 8040 320.8 0.03 241.2 3.5 3% 0.381 35 1.6764 1.4986 1.4986 
8 8040 320.8 0.04 321.6 3 6% 0.762 30 1.5494 1.1938 1.3462 
9 10080 402.2 0.01 100.8 3 12% 1.524 35 5.2324 4.4958 4.2418 
10 10080 402.2 0.02 201.6 3.5 9% 1.143 30 1.7272 1.397 1.2446 
11 10080 402.2 0.03 302.4 2 6% 0.762 45 7.747 7.239 7.239 
12 10080 402.2 0.04 403.2 2.5 3% 0.381 40 0.6858 0.5842 0.8382 
13 12000 478.8 0.01 120 3.5 6% 0.762 40 0.5842 0.635 0.6858 
14 12000 478.8 0.02 240 3 3% 0.381 45 4.7498 5.2324 4.9784 
15 12000 478.8 0.03 360 2.5 12% 1.524 30 0.9906 1.0922 1.3462 
16 12000 478.8 0.04 480 2 9% 1.143 35 0.3302 0.4318 0.381 
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Table 6.18. Filled experimental array for down milling process 
Exp   
# 
Spindle 
speed 
Cutting 
speed 
Feed rate 
Axial 
depth 
of cut 
Radial 
immersion 
Helix 
angle Ra (µm) 
A A B B C D D E 
Rpm m/min mm/rev mm/min mm % mm degree Trial#1 Trial#2 Trial#3 
17 6000 239.4 0.01 60 2 3% 0.381 30 0.9398 0.7366 0.635 
18 6000 239.4 0.02 120 2.5 6% 0.762 35 0.9906 0.7366 0.7366 
19 6000 239.4 0.03 180 3 9% 1.143 40 0.9906 1.3462 1.4478 
20 6000 239.4 0.04 240 3.5 12% 1.524 45 0.5334 0.635 0.7874 
21 8040 320.8 0.01 80.4 2.5 9% 1.143 45 0.8382 0.8382 0.7874 
22 8040 320.8 0.02 160.8 2 12% 1.524 40 0.5842 0.6858 0.4318 
23 8040 320.8 0.03 241.2 3.5 3% 0.381 35 1.1176 0.889 1.0414 
24 8040 320.8 0.04 321.6 3 6% 0.762 30 0.9906 0.9906 0.889 
25 10080 402.2 0.01 100.8 3 12% 1.524 35 1.143 1.397 1.2954 
26 10080 402.2 0.02 201.6 3.5 9% 1.143 30 0.8382 0.889 0.8382 
27 10080 402.2 0.03 302.4 2 6% 0.762 45 1.2446 0.9398 0.9398 
28 10080 402.2 0.04 403.2 2.5 3% 0.381 40 0.4318 0.4318 0.3302 
29 12000 478.8 0.01 120 3.5 6% 0.762 40 0.2794 0.3302 0.2794 
30 12000 478.8 0.02 240 3 3% 0.381 45 0.4826 0.4318 0.4318 
31 12000 478.8 0.03 360 2.5 12% 1.524 30 15.9766 11.9888 14.0462 
32 12000 478.8 0.04 480 2 9% 1.143 35 0.2794 0.4318 0.3302 
 
6.6 - Experimental Investigation of Milling Bifurcation at low radial Immersions  
The experiments were carried out on the CNC milling machine (3-axis vertical 
Cincinnati CFV 1050 SI CNC machine). The workpiece is made of aluminum alloy 
(AL6061-T6511) which is approximately 38.82 inches (986 mm) long, 6 inches (152.4 
mm) wide and 2 inches (50.8 mm) thick. The tool specification is two flutes, half-inch 
diameter (12.7 mm) end-mill, 1-inch cutting length, 6-inch total length, 400 helix angle, 
and made of solid carbide. The axial depth of cut, a, is either increase or decrease. The 
axial depth of cut is increased from 0 mm to 6 mm along the workpiece length or 
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decreased from 6 mm to 0 mm along the workpiece length. Both up and down milling are 
performed to study the effect of feed rate on the bifurcation and stability of end milling 
process. Fig 6.1 Shows the bifurcation testing procedure for increasing and decreasing, a.  
 
Fig. 6.1. Schematic diagram of the experimental setup for generating experimental bifurcation 
diagrams by increasing or decreasing the axial depth of cut, a.  
 
 Experiment with different system parameters is performed with using two factors, 
four levels for feed rate and two levels for radial immersion (radial depth of cut), as 
shown in Tables 6.19 and 6.20.  
Table 6.19. Factors and levels used in the bifurcation investigation experiment 
Factors Number of levels DOF 
Feed rate (mm/rev) A 4 3 
Radial immersion (%) B 2 1 
Overall DOF  sum=4 
 
 Creating Stability Lobe Diagram 
The stability lobe diagram is created using the above experimental factors. By 
creating a stability diagram at different radial immersions, the starting points will be 
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easily identified for the bifurcation occurrence. The diagram is accomplished by using the 
analytical method presented in chapter 4. This method works for both up and down 
milling. The average modal parameters are found and shown in table 6.21. By using these 
modal parameter values, the stability lobe diagram for End milling process is plotted and 
shown in Fig. 6.2. The radial immersions are 3% and 5%, Speed for studying the effect of 
feed rate on bifurcation and stability in end-milling process is chosen as 16080 rpm.  
Table 6.20. Experiment design of bifurcation investigation in up and down milling 
Design factors 
Level 
1 2 3 4 
Feed rate ( f ) A  (mm/rev) 0.08 0.1 0.12 0.14 
Radial of immersions (𝑅𝐷𝑂𝐶) 
B  % 3 %  5 % -- -- 
B  (mm) 0.381 0.635 -- -- 
 
Table 6.21. Modal parameters values for in the bifurcation investigation experiment. 
𝒎𝒙,𝒚 (𝑲𝒈) 𝒄𝒙,𝒚 (𝑵. 𝒔/𝒎) 𝒌𝒙,𝒚 (𝑵/𝒎) 
0.039525 12.9027 1.2926e6 
 
 
Fig. 6.2. Stability Lobe diagram for up milling process 
0
1
2
3
4
5
6
7
8
9
10
1
1
8
8
0
1
2
3
0
0
1
2
7
2
0
1
3
1
4
0
1
3
5
6
0
1
3
9
8
0
1
4
4
0
0
1
4
8
2
0
1
5
2
4
0
1
5
6
6
0
1
6
0
8
0
1
6
5
0
0
1
6
9
2
0
1
7
3
4
0
1
7
7
6
0
1
8
1
8
0
1
8
6
0
0
1
9
0
2
0
1
9
4
4
0
Spindle Speed (rpm)
A
x
ia
l d
e
p
th
 o
f 
c
u
t 
(m
m
)
 
 
1
1
8
8
0
1
2
3
0
0
1
2
7
2
0
1
3
1
4
0
1
3
5
6
0
1
3
9
8
0
1
4
4
0
0
1
4
8
2
0
1
5
2
4
0
1
5
6
6
0
1
6
0
8
0
1
6
5
0
0
1
6
9
2
0
1
7
3
4
0
1
7
7
6
0
1
8
1
8
0
1
8
6
0
0
1
9
0
2
0
1
9
4
4
0
3% Radial immersion
5% Radial immersion
Increased depth of cut
Decreased depth of cut
  
 
90 
Table 6.22. Filled experimental array of bifurcation study 
 
 
 
 
 
 
 
 
 
 
 
 
Exp 
# 
Spindle 
speed 
Cutting 
speed 
Feed rate 
Radial 
immersion 
Milling 
type 
Cut 
time 
Bifurcation point 
obtained from 
experimental data (mm) 
A               
rpm 
A         
m/min 
B                  
mm/rev 
B                
mm/min 
C               
% 
C                   
mm 
Increase 
 cut 
0 to 6 mm 
Decrease 
cut 
6 to 0 mm 
1 16080 641.56 0.08 1286.4 3% 0.381 Up 46.0 4.6 3.1 
2 16080 641.56 0.10 1608.0 3% 0.381 Up 36.8 4.4 3.1 
3 16080 641.56 0.12 1929.6 3% 0.381 Up 30.7 3.9 3.4 
4 16080 641.56 0.14 2251.2 3% 0.381 Up 26.3 4.3 3.5 
5 16080 641.56 0.08 1286.4 5% 0.635 Up 46.0 3.4 3.5 
6 16080 641.56 0.10 1608.0 5% 0.635 Up 36.8 3.7 3.3 
7 16080 641.56 0.12 1929.6 5% 0.635 Up 30.7 3.8 3.4 
8 16080 641.56 0.14 2251.2 5% 0.635 Up 26.3 3.5 3.1 
9 16080 641.56 0.08 1286.4 3% 0.381 Down 46.0 3.6 2.5 
10 16080 641.56 0.10 1608.0 3% 0.381 Down 36.8 3.4 2.6 
11 16080 641.56 0.12 1929.6 3% 0.381 Down 30.7 3.3 3.4 
12 16080 641.56 0.14 2251.2 3% 0.381 Down 26.3 3.8 3.3 
13 16080 641.56 0.08 1286.4 5% 0.635 Down 46.0 3.3 2.6 
14 16080 641.56 0.10 1608.0 5% 0.635 Down 36.8 3.0 2.3 
15 16080 641.56 0.12 1929.6 5% 0.635 Down 30.7 2.7 2.6 
16 16080 641.56 0.14 2251.2 5% 0.635 Down 26.3 3.6 3.3 
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CHAPTER 7 
ANALYSIS AND DISCUSSION OF RESULTS  
This chapter presents the results and analysis of the work carried out for this research. 
Section 7.1 presents cutting forces results and their corresponding cutting force 
coefficients. Cutting force coefficients are determined for both linear and nonlinear 
models using average force and optimization methods. Section 7.2 discusses the stability 
of end milling process. The analysis and discussion of slot milling results are presented in 
Section 7.3. In addition, section 7.4 discusses the results of end-milling process. Finally, 
the bifurcation analysis is presented in section 7.5.  
 
7.1 - Forces Results  
The main objective of conducting forces is to identify the cutting force coefficients 
for all workpieces and tools. After performing the force tests as designed in section 6.1, 
the forces data are sampled and saved at a rate of 40 kHz. Average cutting forces at 
different feed rates are calculated. Cutting force coefficients are determined using both 
methods that discussed in section 3.3. In addition, the coefficients are determined for the 
linear and nonlinear force models. Section 7.1.1 discusses the results of forces while 
cutting AL6061-T6511. However, section 7.1.2 discusses the results of forces while 
cutting AL7075-T651. 
7.1.1 - Results and Discussion of Forces Coefficients for Cutting AL6061-T651 
The average cutting forces for four types of tools at different feed rates in cutting 
AL6061-T6511 are calculated, using the Matlab® software and shown in tables 7.1 
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through 7.4. Also, the relationships between the feed rates and the average forces for the 
linear model are illustrated in figures 7.3 through 7.6. Moreover, the relationships 
between the feed rates and the average forces in the logarithmic scale for the nonlinear 
model are illustrated in figures 7.7 through 7.10. Moreover, cutting coefficients 
calculated by using the average force method are shown in tables 7.7 and 7.8. 
Furthermore, cutting coefficients calculated by using the optimization method are shown 
in tables 7.7 and 7.8. In addition, the cutting forces components using different tools at 
0.2 mm/rev feed rate are plotted and shown in appendix A.  
It is clear from tables 7.1 to 7.4 and figures 7.1 to 7.8 that the average cutting forces 
increase as the feed rate increase. Moreover, as seen in tables 7.5 to 7.8, the main 
tangential and radial cutting force coefficients for linear force model, 𝒌𝒕𝒄 , 𝒌𝒓𝒄, decrease 
as the helix angle increases. However, the axial cutting force coefficient, 𝒌𝒂𝒄, increases 
as the helix angle increases (see Fig. 7.11). On the other hand, the cutting-edge 
coefficients, 𝒌𝒕𝒆, 𝒌𝒓𝒆 and 𝒌𝒂𝒆, are varies. By comparing the cutting forces coefficients 
determined using both methods, it can be seen that the main cutting coefficients, 𝒌𝒕𝒄, 𝒌𝒓𝒄 
and 𝒌𝒂𝒄, obtained by optimization method is slightly higher than the ones obtained by the 
average force method. However, the cutting-edge coefficients, 𝒌𝒕𝒆, 𝒌𝒓𝒆 and 𝒌𝒂𝒆, obtained 
by optimization method is less than the ones obtained by the other method. It looks like; 
if there is an increase at one term of the force model then there is a decrease on the other 
term of the linear force model produced by the optimization method.  
As seen in figures that illustrated in appendix A, the analytical force model obtained 
by using the nonlinear model approximating the experimental force better than the linear 
model. In cutting tools that having straight flutes, there is a sharp transition on the force 
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value at the end of each tool pass period. This makes the linear force model work fine 
with tools that having straight flutes. However, for helical tools the force value changes 
gradually at the end of each tool pass period. The analytical force model obtained by 
using the nonlinear model approximating the experimental force of the tools that having 
helical flutes better than the linear model. The analytical force model obtained by using 
optimization method is approximate the experimental force better than the model that 
obtained by using the average force method. Moreover, the nonlinear force model is more 
accurate than the linear force model obtained by using optimization method (see figures 
7.1 and 7.2).  
 
Fig. 7.1. Experimental and analytical force models in x-direction using tool #4 while cutting 
AL6061 at feed rate=0.15 mm/rev. 
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Fig. 7.2. Experimental and analytical force models in y-direction using tool #4 while cutting 
AL6061 at feed rate=0.15 mm/rev. 
 
Table 7.1. Average forces during cut AL6061-T6511 with using tool # 1 
Average forces 
(N) 
Feed rate (mm/tooth) 
0.05 0.10 0.15 0.20 0.25 0.30 
𝐹?̅? 68.246 118.620 159.078 233.474 270.672 321.626 
𝐹?̅? 64.694 97.160 129.033 176.864 201.739 222.693 
𝐹?̅? -45.410 -75.041 -93.380 -132.749 -170.114 -189.050 
𝐹?̅? 50.437 81.610 115.011 174.682 187.922 226.223 
𝐹?̅? 2.438 6.484 14.623 20.351 17.299 27.540 
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Table 7.2. Average forces during cut AL6061-T6511 with using tool # 2 
Average forces 
(N) 
Feed rate (mm/tooth) 
0.05 0.10 0.15 0.20 0.25 0.30 
𝐹?̅? 62.195 107.843 147.739 192.980 231.136 270.012 
𝐹?̅? 26.827 47.980 71.936 90.104 112.432 126.518 
𝐹?̅? -27.983 -42.370 -54.399 -67.214 -76.975 -86.172 
𝐹?̅? 42.830 79.110 112.693 148.647 181.488 211.613 
𝐹?̅? 9.395 16.231 22.412 27.845 33.146 38.003 
 
Table 7.3 Average forces during cut AL6061-T6511 with using tool # 3 
Average forces 
(N) 
Feed rate (mm/tooth) 
0.05 0.10 0.15 0.20 0.25 0.30 
𝐹?̅? 63.210 107.044 148.577 183.766 225.341 258.548 
𝐹?̅? 39.121 62.657 84.797 108.000 127.772 145.864 
𝐹?̅? -35.542 -52.923 -71.778 -83.563 -101.771 -117.236 
𝐹?̅? 42.622 77.244 108.683 139.816 170.980 195.205 
𝐹?̅? 6.729 12.499 18.666 23.718 27.747 31.330 
 
Table 7.4. Average forces during cut AL6061-T6511 with using tool # 4 
Average forces 
(N) 
Feed rate (mm/tooth) 
0.05 0.10 0.15 0.20 0.25 0.30 
𝐹?̅? 59.438 100.733 135.705 173.219 206.858 239.395 
𝐹?̅? 42.169 62.135 84.647 102.620 121.435 138.452 
𝐹?̅? -39.601 -63.416 -78.429 -98.344 -112.310 -124.999 
𝐹?̅? 37.831 64.147 93.142 118.543 144.275 170.453 
𝐹?̅? 15.898 26.151 35.978 43.679 52.753 59.082 
 
Table 7.5. Obtained cutting coefficients for AL6061-T6511 using average force 
method for linear force model 
cutting coefficient Tool #1 Tool #2 Tool #3 Tool #4 
𝑘𝑡𝑐 7.6264e+08 6.6547e+08 6.1392e+08 5.4717e+08 
𝑘𝑡𝑒 9.2104e+03 1.0008e+04 1.2785e+04 1.1398e+04 
𝑘𝑟𝑐 5.5635e+08 2.7577e+08 3.3075e+08 3.2158e+08 
𝑘𝑟𝑒 1.3626e+04 9.3119e+03 1.2902e+04 1.6579e+04 
𝑘𝑎𝑐 6.0446e+07 8.9409e+07 7.8003e+07 1.3618e+08 
𝑘𝑎𝑒 1.2438e+03 2.2918e+03 1.3672e+03 4.2904e+03 
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Table 7.6. Obtained cutting coefficients for AL6061-T6511 using average force 
method for nonlinear force model 
cutting coefficient Tool #1 Tool #2 Tool #3 Tool #4 
𝑘𝑡 1.6095E+08 1.2884E+08 1.0610E+08 6.0471E+07 
𝑘𝑟 1.3222E+08 6.1173E+07 6.5661E+07 4.4293E+07 
𝑘𝑎 1.2876E+07 1.9086E+07 1.3013E+07 1.6488E+07 
𝑚 0.8148 0.8019 0.7839 0.7344 
 
Table 7.7. Obtained cutting coefficients for AL6061-T6511 using optimization method 
for linear force model 
cutting coefficient Tool #1 Tool #2 Tool #3 Tool #4 
𝑘𝑡𝑐 7.4876E+08 6.7049E+08 6.4210E+08 6.2980E+08 
𝑘𝑡𝑒 9.2095E+03 9.2104E+03 8.9577E+03 7.3623E+03 
𝑘𝑟𝑐 5.3908E+08 2.8651E+08 3.3813E+08 3.2337E+08 
𝑘𝑟𝑒 1.3625E+04 8.5254E+03 1.1839E+04 9.1839E+03 
𝑘𝑎𝑐 4.2354E+07 9.3281E+07 8.2652E+07 1.4917E+08 
𝑘𝑎𝑒 1.0982E+03 2.0325E+03 1.0910E+03 3.4217E+03 
 
Table 7.8. Obtained cutting force coefficients for AL6061-T6511 using optimization 
method for nonlinear force model 
cutting coefficient Tool #1 Tool #2 Tool #3 Tool #4 
𝑘𝑡 1.5308E+08 
 
1.2740E+08 
 
1.0259E+08 
 
6.4231E+07 
𝑘𝑟 1.2238E+08 
 
5.9699E+07 
 
6.0434E+07 
 
3.7618E+07 
 𝑘𝑎 9.7139E+06 
 
1.8425E+07 1.3929E+07 
 
1.8760E+07 
 𝑚 0.81 0.80 0.7836 
 
0.738918 
  
 
Fig. 7.3. Feed rates versus average forces for AL6061-T6511with using tool # 1                  
(linear force model) 
0 0.5 1 1.5 2 2.5 3 3.5
x 10
-4
0
100
200
300
400
feed rate (m/tooth)
A
v
e
ra
g
e
 F
o
rc
e
 (
N
)
 
 
Ft (N)
Fr (N)
Fa (N)
0 0.5 1 1.5 2 2.5 3 3.5
x 10
-4
0
50
100
150
200
250
feed rate (m/tooth)
 
 
Fx (N)
Fy (N)
Fz (N)
  
 
97 
 
Fig. 7.4. Feed rates versus average forces for AL6061-T6511with using tool # 2                  
(linear force model) 
 
 
Fig. 7.5. Feed rates versus average forces for AL6061-T6511with using tool # 3                  
(linear force model) 
 
Fig. 7.6. Feed rates versus average forces for AL6061-T6511with using tool # 4                  
(linear force model) 
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Fig. 7.7. Logarithmic scale of Feed rates versus average forces for AL6061-T6511with using 
tool # 1 (nonlinear force model) 
 
Fig. 7.8. Logarithmic scale of Feed rates versus average forces for AL6061-T6511with using 
tool # 2 (nonlinear force model) 
 
Fig. 7.9. Logarithmic scale of Feed rates versus average forces for cutting AL6061-T6511with 
using tool # 3 (nonlinear force model) 
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Fig. 7.10. Logarithmic scale of Feed rates versus average forces for cutting AL6061-T6511with 
using tool # 4 (nonlinear force model) 
 
 
Fig. 7.11. Cutting force coefficients versus the helix angle for the linear force model. 
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figures 7.16 through 7.19. Moreover, cutting coefficients calculated by using the average 
force method are shown in tables 7.13 and 7.14. Furthermore, cutting coefficients 
calculated by using the optimization method are shown in tables 7.15 and 7.16. In 
addition, the cutting forces components using different tools at 0.2 mm/rev feed rate are 
plotted and shown in appendix A.  
The discussion of cutting force coefficients in cutting AL7075-T651 is similar to the 
discussion of cutting AL6061-T6511. However, the cutting force coefficients values 
obtained for cutting AL7075-T6511 are different from the values obtained for cutting 
AL6061-T6511. The cutting force coefficients of AL7075 are smaller than cutting force 
coefficients of AL6061 except for the tool with 45 helix angle. 
Table 7.9. Average forces during cut AL7075-T651 with using tool # 1 
Average forces 
(N) 
Feed rate (mm/tooth) 
0.05 0.10 0.15 0.20 0.25 0.30 
𝐹?̅? 68.60081 120.8053 166.4112 203.0452 246.1328 291.0327 
𝐹?̅? 59.81133 90.08126 116.4098 136.1578 161.8582 188.306 
𝐹?̅? -46.8286 -69.8662 -90.274 -103.363 -131.523 -152.013 
𝐹?̅? 51.1231 89.91295 123.5622 153.6194 180.2022 213.5245 
𝐹?̅? 4.338459 4.068059 12.70505 10.3623 16.76766 15.26567 
 
Table 7.10. Average forces during cut AL7075-T651 with using tool # 2 
Average forces 
(N) 
Feed rate (mm/tooth) 
0.05 0.10 0.15 0.20 0.25 0.30 
𝐹?̅? 60.50281 101.3052 139.245 176.2344 211.2701 243.8668 
𝐹?̅? 44.16427 58.5073 73.4016 82.91267 100.3269 110.5758 
𝐹?̅? -33.1559 -45.4994 -59.0113 -68.2703 -84.3699 -94.4699 
𝐹?̅? 45.19706 75.62411 103.5957 131.0839 156.7718 181.01 
𝐹?̅? 16.74307 28.79985 39.23663 46.46818 57.71228 61.86478 
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Table 7.11 Average forces during cut AL7075-T651 with using tool # 3 
Average forces 
(N) 
Feed rate (mm/tooth) 
0.05 0.10 0.15 0.20 0.25 0.30 
𝐹?̅? 64.69563 110.3423 146.9057 183.0425 217.5088 252.4426 
𝐹?̅? 51.8001 69.71287 85.34639 97.22537 112.373 124.9477 
𝐹?̅? -37.6325 -54.2887 -68.5072 -78.8125 -88.1314 -98.9339 
𝐹?̅? 49.46087 82.24857 109.2022 136.2828 163.755 190.6798 
𝐹?̅? 18.26808 28.42953 36.82917 47.02518 61.2406 78.50697 
 
Table 7.12. Average forces during cut AL7075-T651 with using tool # 4 
Average forces 
(N) 
Feed rate (mm/tooth) 
0.05 0.10 0.15 0.20 0.25 0.30 
𝐹?̅? 68.45667 112.8897 151.4299 189.7183 220.8838 252.5332 
𝐹?̅? 53.16605 68.28622 81.86678 98.54955 117.0872 126.4894 
𝐹?̅? -38.8645 -49.8017 -60.4042 -74.6436 -88.543 -94.3288 
𝐹?̅? 52.45343 87.4602 117.053 145.7534 168.1188 192.799 
𝐹?̅? 26.57804 48.53231 65.36162 79.87007 97.47254 113.5932 
 
Table 7.13. Obtained cutting coefficients for AL7075-T651 using average force 
method for linear force model  
cutting coefficient Tool #1 Tool #2 Tool #3 Tool #4 
𝑘𝑡𝑐 6.60140E+08 5.59490E+08 5.70250E+08 5.65660E+08 
𝑘𝑡𝑒 1.69850E+04 1.48270E+04 1.77040E+04 2.12240E+04 
𝑘𝑟𝑐 4.03770E+08 2.28360E+08 2.32980E+08 2.35370E+08 
𝑘𝑟𝑒 1.98580E+04 1.61050E+04 2.13920E+04 2.00820E+04 
𝑘𝑎𝑐 4.05680E+07 1.43430E+08 1.83930E+08 2.67670E+08 
𝑘𝑎𝑒 7.72660E+02 4.92320E+03 2.03380E+03 6.13040E+03 
 
Table 7.14. Obtained cutting coefficients for AL7075-T651 using average force 
method for nonlinear force model  
cutting coefficient Tool #1 Tool #2 Tool #3 Tool #4 
𝑘𝑡 6.3400E+07 3.9172E+07 3.5630E+07 3.3726E+07 
𝑘𝑟 4.6402E+07 2.1697E+07 2.1259E+07 1.8974E+07 
𝑘𝑎 3.7232E+06 1.0714E+07 9.7099E+06 1.4210E+07 
𝑚 0.7152 0.6796 0.6631 0.6529 
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Table 7.15. Obtained cutting coefficients for AL7075-T651 using optimization method 
for linear force model 
cutting coefficient Tool #1 Tool #2 Tool #3 Tool #4 
𝑘𝑡𝑐 7.6031E+08 6.3892E+08 6.5990E+08 6.9316E+08 
𝑘𝑡𝑒 8.6248E+03 8.4792E+03 8.7362E+03 8.7077E+03 
𝑘𝑟𝑐 4.7517E+08 2.5737E+08 3.0203E+08 3.2867E+08 
𝑘𝑟𝑒 1.2732E+04 1.2744E+04 1.3220E+04 1.0543E+04 
𝑘𝑎𝑐 4.0567E+07 1.8660E+08 1.8485E+08 2.7917E+08 
𝑘𝑎𝑒 7.3724E+02 2.4529E+03 1.9369E+03 5.2264E+03 
 
 
Table 7.16. Obtained cutting force coefficients for AL7075-T651 using optimization 
method for nonlinear force model 
cutting coefficient Tool #1 Tool #2 Tool #3 Tool #4 
𝑘𝑡 8.1000E+07 7.3821E+07 5.8654E+07 4.9584E+07 
𝑘𝑟 4.4754E+07 2.0507E+07 2.0344E+07 1.8523E+07 
𝑘𝑎 3.9128E+06 2.1015E+07 1.9068E+07 2.1910E+07 
𝑚 0.725907 0.724448 0.705771 0.682446 
 
 
 
Fig. 7.12. Feed rates versus average forces for AL7075-T651with using tool # 1 (linear force 
model) 
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Fig. 7.13. Feed rates versus average forces for AL7075-T651with using tool # 2 (linear force 
model) 
 
Fig. 7.14. Feed rates versus average forces for AL7075-T651with using tool # 3 (linear force 
model) 
 
Fig. 7.15. Feed rates versus average forces for AL7075-T651with using tool # 4 (linear force 
model) 
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Fig. 7.16. Logarithmic scale of Feed rates versus average forces for AL7075-T651with using 
tool # 1 (nonlinear force model) 
 
Fig. 7.17. Logarithmic scale of Feed rates versus average forces for AL7075-T651with using 
tool # 2 (nonlinear force model) 
 
Fig. 7.18. Logarithmic scale of Feed rates versus average forces for AL7075-T651with using 
tool # 3 (nonlinear force model) 
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Fig. 7.19. Logarithmic scale of Feed rates versus average forces for AL7075-T651with using 
tool # 4 (nonlinear force model) 
 
7.2 - Stability Results of Milling process  
In this section, stability diagrams and simulation results discussed in chapter 4 are 
performed and compared with experimental results. Modal parameters of the machine 
tool structure used in creating stability limits are obtained using the impact hammer test, 
which discussed in section 5.3. Also, Poincaré maps are used to study the stability in 
milling. A Poincaré map is the dynamic relationship between the state of the system at 
𝑡 = 𝑛𝜏  and the state at  𝑡 = (𝑛 + 1)𝜏 [53].  Here in milling 𝜏  is the tooth pass period. To 
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which indicates a chaotic behavior of the system. Stability results for slot and end milling 
experiments are presented in this chapter. 
 
7.2.1 –Stability Results of Slot Milling experiments  
After performing many impact hammer tests on the tool, the average modal 
parameters are found and shown in table 7.17. By using these modal parameter values, 
the stability lobe diagrams for slot milling processes are plotted and shown in Figures 
7.20 through 7.23. The experimental responses and the corresponding Poincaré maps are 
shown in appendix B.  
It is clear from Figures7.20 through 7.22 that all slot cuts of the first three 
experimental designs are in the chatter region. Moreover, as seen in figures illustrated in 
appendix B, the Poincaré maps confirm the instability of those slot-milling cuts. Poincaré 
maps of figures B10, B15, B17, B24 and B26 show a closed orbit that indicates a 
multiple stable chatter exist. On the other hand, the remaining figures show a chaotic 
behavior of the milling system. By locating the cut points that have stable chatter on the 
lobe stability chart, it can be seen that they are close to the stability limits and having low 
depth of cut. While the system inside the unstable region and the axial depth of cut is 
increased, the behavior of the milling system changes from stable chatter to chaotic 
chatter. This is can be seen clearly from figures B15, B13 and B14 respectively. In the 
experimental design 4, short tool is used to move the stability limits further up (see figure 
7.23). In addition, cutting points are chosen at stable region for optimizing the slot 
milling process based on the quality of the surface finish and chatter avoidance. 
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Table 7.17. Modal parameters values for slot milling experiments. 
Experimental design # 𝒎𝒙,𝒚 (𝑲𝒈) 𝒄𝒙,𝒚 (𝑵. 𝒔/𝒎) 𝒌𝒙,𝒚 (𝑵/𝒎) 
1,2 and 3 0.03751 7.857 1.0053e6 
4 0.4572 79.606 7.2053e6 
 
 
Fig. 7.20. Stability lobe diagram of slot milling process for experimental design 1. 
 
 
Fig. 7.21. Stability lobe diagram of slot milling process for experimental design 2. 
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Fig. 7.22. Stability lobe diagram of slot milling process for experimental design 3. 
 
 
 
 
Fig. 7.23. Stability lobe diagram of slot milling process for experimental design 4. 
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7.2.2 - Results of Stability and Simulation of End Milling experiments  
The estimated average modal parameters for each cutting tool from the impact 
hammer test are listed in table 7.18. By using these modal parameter values, the stability 
lobe diagrams for the end-milling experiments are plotted for each tool type and shown in 
Figures 7.24 to 7.31. In addition, the stability condition for each cut is determined using 
the simulation method. Moreover, the displacement per revolution is obtained from the 
displacement data of the end-mill experiments; Poincaré maps are created to identify the 
stability condition. Experimental displacement data, displacement per revolution and 
Poincaré sections are plotted and shown in appendix C. Table 7.19 shows the stability 
condition of end milling process. 
It is clear from Table 7.19 that the stability conditions obtained by analytical method 
and numerical simulation are the same. Also, stability conditions of the up and down 
milling experiments are close to the stability conditions obtained using the analytical 
method or numerical simulation. Cuts number 5 and 15 of up milling experiments are 
experimentally unstable. However, their conditions are stable by using the analytical and 
simulation methods. Moreover, cuts number 2 and 3 of the down milling experiments are 
experimentally stable and cut 15 is experimentally unstable which they opposite to 
stability condition obtained using the analytical and simulation methods. In fact, the 
model parameters are measured while the tool structure is stationary and maybe there is 
an increase or decrease in the modal parameters values due to the change in spindle 
speed. Section 7.2.3 discusses the effect of model parameters on the stability limits.   
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Table 7.18. Modal parameters values for end milling experiments. 
 𝒎𝒙,𝒚 (𝑲𝒈) 𝒄𝒙,𝒚 (𝑵. 𝒔/𝒎) 𝒌𝒙,𝒚 (𝑵/𝒎) 
Tool # 1 (300 ) 0.0375 7.857 1.0053e6 
Tool # 2 (350 ) 0.0416 10.569 1.406e6 
Tool # 3 (400 ) 0.0422 10.010 1.343e6 
Tool # 4 (450 ) 0.0465 12.263 1.439e6 
 
                   
Ta
b
le
 7
.1
9
. 
D
et
e
rm
in
ed
 s
ta
b
ili
ty
 o
f 
en
d
 m
ill
in
g 
p
ro
ce
ss
 u
si
n
g 
ex
p
er
im
en
ta
l d
at
a,
 lo
b
e 
d
ia
gr
am
s 
an
d
 d
yn
am
ic
al
 s
im
u
la
ti
o
n
 
  
 
111 
 
Fig. 7.24. Lobe diagram for predicting Stability of up-milling process using tool # 1. 
 
 
 
Fig. 7.25. Lobe diagram for predicting Stability of up-milling process using tool # 2. 
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Fig. 7.26. Lobe diagram for predicting Stability of up-milling process using tool # 3. 
 
 
 
 
Fig. 7.27. Lobe diagram for predicting Stability of up-milling process using tool # 4. 
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Fig. 7.28. Lobe diagram for predicting Stability of down-milling process using tool # 1. 
 
 
 
 
Fig. 7.29. Lobe diagram for predicting Stability of down-milling process using tool # 2. 
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Fig. 7.30. Lobe diagram for predicting Stability of down-milling process using tool # 3. 
 
 
 
 
Fig. 7.31. Lobe diagram for predicting Stability of down-milling process using tool # 4. 
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7.2.3 – Effect of Modal Parameters on Stability limits  
The machining parameter of the end milling process such that spindle speed, feed 
rate, axial depth of cut, radial depth of cut, tool diameter, helix angle, number of cutting 
teeth, tool modal parameters and cutting force coefficients affect the milling process 
stability. In fact, the model parameters are measured while the tool structure is stationary 
and maybe there is an increase or decrease in the modal parameters values due to the 
change in spindle speed. In this section, the study focus only on the effect of model 
parameters on the stability limits with holding other parameters. In addition, modal 
parameters of tool #1 are used and increased by 20 percentages for each modal parameter 
in steps of 5 percentages.  
    It is clear from figure 7.32 that the increase of the system mass, m, shifts the 
stability limits to left side with slightly move to down without any change to the limits 
shape. Also, as seen in figure 7.33, increasing damping coefficient, c, moves the stability 
limits up. Figure 7.34 shows the effect of the spring stiffness, k, on the stability limits. As 
the stiffness increase the stability limits move to right side with slightly move to up. In 
figure 7.35, the increase of natural frequency, ωn, shifts the stability limits to right with 
slightly move to up. The natural frequency shifts the stability limits same as spring 
stiffness but with bigger step. Finally, as seen in figure 7.36, increasing damping ratio, ζ, 
moves the stability limits up which is similar to damping coefficient, c. By comparing the 
effect of all modal parameters, it is found that the most effective parameters on stability 
are the mass and stiffness. However, the less effective parameter on stability is the 
damping. 
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Fig. 7.32. Increasing mass shifts the stability limits to the left side with slightly move to down. 
 
Fig. 7.33 Increasing damping coefficient shifts the stability limits straight up. 
 
Fig. 7.34. Increasing spring stiffness shifts stability limits to right side with slightly move up. 
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Fig. 7.35. Increasing natural frequency shifts the stability limits to the right side with slightly 
move to up. 
 
 
Fig. 7.36. Increasing damping ratio shifts the stability limits straight up. 
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7.3 - Analysis and Discussion of Slot Milling Results  
The main objective of the experiment is to identify the optimal levels for the slot 
milling parameters (cutting speed, feed rate and axial depth of cut) at high cutting speeds 
to achieve the low value of the surface roughness. In this section, two methods are used 
to optimize the slot milling parameters, Taguchi’s method and response surface 
methodology (RSM).  
7.3.1 - Effect of cutting parameters of slot milling on surface roughness  
The S/N ratio values of the surface roughness are calculated, using the smaller the 
better characteristics. The calculated signal-to-noise ratios are shown in Table 7.20. Mean 
signal to noise ratios are computed and listed in Tables 7.21 through 7.32. Also, the 
response graphs for mean signal to noise ratios are illustrated in figures 7.37 through 
7.48. Moreover, ANOVA tables are calculated and shown in tables 7.33 to 7.44.    
It is clear from mean S/N response tables 7.21 through 7.29 and figures 7.37 through 
7.45 for the first three experimental designs that the most effective parameter on surface 
roughness is the axial depth of cut. This is reasonable due to the instability of cuts. 
Moreover, all slot cuts of the first three experimental designs were unstable. Next 
effective parameter is the cutting speed. However, the less effective parameter on surface 
roughness is the feed rate. On the other hand, it is clear from S/N response tables 7.30 
through 7.32 and figures 7.46 through 7.48 for the experimental design 4 that the most 
effective parameter on surface roughness is the cutting speed. Next effective parameter is 
the axial depth of cut. However, the less effective parameter on surface roughness is the 
feed rate. 
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Table 7.20.  Calculated S/N for the surface finish of the slot milling 
Exp 
Design # 
Exp 
# 
A 
Rpm 
A 
m/min 
B 
mm/rev 
B 
mm/min 
C 
mm 
Signal to noise ratio - S/N (dB) 
Top surface Right side Left side 
Ex
p
er
im
en
t 
d
es
ig
n
 I 
1 4080 162.8 0.010 40.8 0.5 3.9445 -6.9856 -7.9222 
2 4080 162.8 0.015 61.2 1 -3.8048 -18.8282 -18.3080 
3 4080 162.8 0.020 81.6 1.5 -5.7126 -21.6672 -20.7254 
4 4920 196.3 0.010 49.2 1 -3.7090 -20.5098 -20.4155 
5 4920 196.3 0.015 73.8 1.5 -7.6211 -22.5165 -23.1452 
6 4920 196.3 0.020 98.4 0.5 1.3607 -11.9594 -12.2874 
7 6240 249.0 0.010 62.4 1.5 -4.0842 -21.7574 -22.0150 
8 6240 249.0 0.015 93.6 0.5 2.3571 -11.0813 -11.7340 
9 6240 249.0 0.020 124.8 1 -2.6899 -21.9358 -21.7574 
Ex
p
er
im
en
t 
d
es
ig
n
 II
 
1 7080 282.5 0.010 70.8 0.5 9.4046 -4.0851 -4.9986 
2 7080 282.5 0.015 106.2 1 -1.4155 -16.8516 -17.3446 
3 7080 282.5 0.020 141.6 1.5 -2.6899 -19.4958 -19.1866 
4 8280 330.4 0.010 82.8 1 -3.5623 -19.0892 -19.1989 
5 8280 330.4 0.015 124.2 1.5 -9.1838 -26.2232 -26.1204 
6 8280 330.4 0.020 165.6 0.5 8.0023 -14.3734 -14.3734 
7 9000 359.1 0.010 90 1.5 -9.5347 -22.0150 -21.7485 
8 9000 359.1 0.015 135 0.5 6.3271 -11.9033 -12.2874 
9 9000 359.1 0.020 180 1 -5.4816 -25.6843 -24.3418 
Ex
p
er
im
en
t 
d
es
ig
n
 II
I 
1 10080 402.2 0.010 100.8 0.5 6.4844 -6.8859 -6.4774 
2 10080 402.2 0.015 151.2 1 -6.8537 -23.4620 -24.9737 
3 10080 402.2 0.020 201.6 1.5 -8.2682 -21.5662 -23.2217 
4 12120 483.6 0.010 121.2 1 5.5968 -20.7154 -20.9162 
5 12120 483.6 0.015 181.8 1.5 -7.9217 -20.7258 -21.1030 
6 12120 483.6 0.020 242.4 0.5 11.0775 -9.8230 -11.1730 
7 14040 560.2 0.010 140.4 1.5 -4.1742 -18.0488 -20.7254 
8 14040 560.2 0.015 210.6 0.5 9.6297 -2.6644 -3.4404 
9 14040 560.2 0.020 280.8 1 0.6960 -22.0150 -21.4832 
Ex
p
er
im
en
t 
d
es
ig
n
 IV
 
1 6200 247.4 0.04 248 1 5.3254 0.7763 -0.3532 
2 6200 247.4 0.08 496 1.5 -1.4155 -4.7484 -5.1823 
3 6200 247.4 0.12 744 2 -5.7126 -18.7011 -20.1809 
4 9300 371.1 0.04 372 1.5 0.8574 -5.7134 -6.3194 
5 9300 371.1 0.08 744 2 -1.6629 -8.3528 -7.9205 
6 9300 371.1 0.12 1116 1 2.8574 -2.9039 -3.3670 
7 18000 718.2 0.04 720 2 8.9791 3.1167 3.2735 
8 18000 718.2 0.08 1440 1 8.0023 2.8052 2.9565 
9 18000 718.2 0.12 2160 1.5 8.0023 3.9445 4.6717 
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Tables 7.33 to 7.44 show results of ANOVA for surface roughness of slot milling 
process. The contribution order of the first three experimental designs is axial depth of 
cut, cutting speed and then feed rate. However, the contribution order of the experimental 
design 4 is cutting speed, axial depth of cut and then feed rate. The optimal slot milling 
parameters are presented next to each experimental design as follows: 
Experimental design1: The contributions of parameters for the top surface 
roughness are axial depth of cut (91.47%), cutting speed (4.71%) and feed rate (3.74%). 
Based on the S/N ratio and ANOVA analysis, the lowest surface roughness of the top 
surface is at level 3 of cutting speed (A3), level 1 of feed rate (B1) and level 1 of axial 
depth of cut (C1). The average contributions of parameters for both side surfaces are 
axial depth of cut (92.12%), cutting speed (5.82%) and feed rate (1.96%). The lowest 
surface roughness for both side surfaces are at level 1 of cutting speed (A1), level 1 of 
feed rate (B1) and level 1 of axial depth of cut (C1). 
Experimental design 2: The contributions of parameters for the top surface 
roughness are axial depth of cut (89.5%), cutting speed (8.61%) and feed rate (0.71%). 
Based on the S/N ratio and ANOVA analysis, the lowest surface roughness of the top 
surface is at level 1 of cutting speed (A1), level 3 of feed rate (B3) and level 1 of axial 
depth of cut (C1). The average contributions of parameters for both side surfaces are 
axial depth of cut (69.58%), cutting speed (20.56%) and feed rate (8.63%). The lowest 
surface roughness for both side surfaces are at level 1 of cutting speed (A1), level 1 of 
feed rate (B1) and level 1 of axial depth of cut (C1).  
Experimental design 3: The contributions of parameters for the top surface 
roughness are axial depth of cut (79.2%), cutting speed (12.26%) and feed rate (6.01%). 
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Based on the S/N ratio and ANOVA analysis, the lowest surface roughness of the top 
surface is at level 2 of cutting speed (A2), level 1 of feed rate (B1) and level 1 of axial 
depth of cut (C1). The average contributions of parameters for both side surfaces are 
axial depth of cut (91.89%), cutting speed (3.37%) and feed rate (2.31%). The lowest 
surface roughness for both side surfaces are at  level 3 of cutting speed (A3), level 1 of 
feed rate (B1) and level 1 of axial depth of cut (C1).  
Experimental design 4: The contributions of parameters for the top surface 
roughness are cutting speed (65.75%), axial depth of cut (16.87%) and feed rate 
(10.722%). Based on the S/N ratio and ANOVA analysis, the lowest surface roughness of 
the top surface is at level 3 of cutting speed (A3), level 1 of feed rate (B1) and level 1 of 
axial depth of cut (C1). The average contributions of parameters for both side surfaces 
are cutting speed (50.14%), axial depth of cut (23.81%) and feed rate (9.25%). The 
lowest surface roughness for both side surfaces are at  level 3 of cutting speed (A3), level 
1 of feed rate (B1) and level 1 of axial depth of cut (C1).  
Table 7.21. S/N response for top surface roughness of experimental design I 
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -1.8576 -3.3231 -1.4723 1.8508 2 
Feed rate (mm/rev) B -1.2829 -3.0229 -2.3473 1.7400 3 
Axial depth of cut (mm) C 2.5541 -3.4012 -5.8060 8.3601 1 
 
Table 7.22. S/N response for right side surface roughness of experimental design I 
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -15.8270 -18.3286 -18.2582 2.5016 2 
Feed rate (mm/rev) B -16.4176 -17.4753 -18.5208 2.1032 3 
Axial depth of cut (mm) C -10.0088 -20.4246 -21.9804 11.9716 1 
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Table 7.23. S/N response for left side surface roughness of experimental design I 
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -15.6519 -18.6160 -18.5021 2.9642 2 
Feed rate (mm/rev) B -16.7843 -17.7291 -18.2567 1.4725 3 
Axial depth of cut (mm) C -10.6479 -20.1603 -21.9619 11.3140 1 
 
Table 7.24. S/N response for top surface roughness of experimental design II 
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A 1.7664 -1.5813 -2.8964 4.6628 2 
Feed rate (mm/rev) B -1.2308 -1.4241 -0.0564 1.3677 3 
Axial depth of cut (mm) C 7.9113 -3.4865 -7.1361 15.0475 1 
 
Table 7.25. S/N response for right side surface roughness of experimental design II 
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -13.4775 -19.8953 -19.8675 6.4178 2 
Feed rate (mm/rev) B -15.0631 -18.3260 -19.8512 4.7880 3 
Axial depth of cut (mm) C -10.1206 -20.5417 -22.5780 12.4574 1 
 
Table 7.26. S/N response for left side surface roughness of experimental design II 
Factors Mean S/N ratio Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -13.8433 -19.8976 -19.4592 6.0543 2 
Feed rate (mm/rev) B -15.3154 -18.5841 -19.3006 3.9852 3 
Axial depth of cut (mm) C -10.5531 -20.2951 -22.3518 11.7987 1 
 
Table 7.27. S/N response for top surface roughness of experimental design III 
Factors Mean S/N ratio Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -2.8792 2.9176 2.0505 5.7967 2 
Feed rate (mm/rev) B 2.6357 -1.7152 1.1684 4.3509 3 
Axial depth of cut (mm) C 9.0639 -0.1870 -6.7880 15.8519 1 
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Table 7.28. S/N response for right side surface roughness of experimental design III 
Factors Mean S/N ratio Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -17.3047 -17.0881 -14.2427 3.0620 2 
Feed rate (mm/rev) B -15.2167 -15.6174 -17.8014 2.5847 3 
Axial depth of cut (mm) C -6.4578 -22.0641 -20.1136 15.6064 1 
 
Table 7.29. S/N response for left side surface roughness of experimental design III 
Factors Mean S/N ratio Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -18.2243 -17.7307 -15.2163 3.0079 2 
Feed rate (mm/rev) B -16.0397 -16.5057 -18.6259 2.5863 3 
Axial depth of cut (mm) C -7.0303 -22.4577 -21.6833 15.4274 1 
 
Table 7.30. S/N response for top surface roughness of experimental design IV 
Factors Mean S/N ratio Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -0.6009 0.6840 8.3279 8.9289 2 
Feed rate (mm/rev) B 5.0540 1.6413 1.7157 3.4127 3 
Axial depth of cut (mm) C 5.3950 2.4814 0.5345 4.8605 1 
 
Table 7.31. S/N response for right side surface roughness of experimental design IV 
Factors Mean S/N ratio Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -7.5577 -5.6567 3.2888 10.8465 2 
Feed rate (mm/rev) B -0.6068 -3.4320 -5.8868 5.2800 3 
Axial depth of cut (mm) C 0.2259 -2.1724 -7.9791 8.2049 1 
 
Table 7.32. S/N response for left side surface roughness of experimental design IV 
Factors Mean S/N ratio Max-min Rank 
Level 1 Level 2 Level 3 
Cutting Speed (m/min) A -8.5721 -5.8690 3.6339 12.2061 2 
Feed rate (mm/rev) B -1.1330 -3.3821 -6.2921 5.1590 3 
Axial depth of cut (mm) C -0.2546 -2.2767 -8.2760 8.0214 1 
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Fig. 7.37. S/N response graph for top surface roughness of experimental design 1 
 
 
 
Fig. 7.38. S/N response graph for right side surface roughness of experimental design1 
 
 
Fig. 7.39. S/N response graph for left side surface roughness of experimental design-1 
 
 
Fig. 7.40. S/N response graph for top surface roughness of experimental design 2 
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Fig. 7.41. S/N response graph for right side surface roughness of experimental design-2 
 
 
Fig. 7.42. S/N response graph for left side surface roughness of experimental design-2 
 
 
Fig. 7.43. S/N response graph for top surface roughness of experimental design-3 
 
 
Fig. 7.44. S/N response graph for right side surface roughness of experimental design-3 
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Fig. 7.45. S/N response graph for left side surface roughness of experimental design-3 
 
 
Fig. 7.46. S/N response graph for top surface roughness of experimental design 4 
 
 
Fig. 7.47. S/N response graph for right side surface roughness of experimental design 4 
 
 
Fig. 7.48. S/N response graph for left side surface roughness of experimental design 4 
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Table 7.33. Analysis of variance for S/N ratios of top surface roughness for 
experimental design I 
Source of 
variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 5.7215 2.8608 64.2890 4.7065 
B 2 4.6172 2.3086 51.8804 3.7981 
C 2 111.1397 55.5699 1248.805 91.4223 
Error 2 0.0890 0.0445  0.0732 
Total 8 121.5675   100 
 
 
Table 7.34. Analysis of variance for S/N ratios of surface roughness of right side for 
experimental design I 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 12.1733 6.0866 21.6979 4.4493 
B 2 6.6352 3.3176 11.8267 2.4252 
C 2 254.2297 127.1149 453.1440 92.9205 
Error 2 0.5610 0.2805  0.2051 
Total 8 273.5992   100 
 
 
Table 7.35. Analysis of variance for S/N ratios of surface roughness of left side for 
experimental design I 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 16.9232 8.4616 1286.6320 6.9927 
B 2 3.3393 1.6697 253.8811 1.3798 
C 2 221.7380 110.8690 16858.2600 91.6221 
Error 2 0.0132 0.0066  0.0054 
Total 8 242.0137   100 
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Table 7.36. Analysis of variance for S/N ratios of top surface roughness for 
experimental design II 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 34.6778 17.3389 7.2654 8.4089 
B 2 3.2872 1.6436 0.6887 0.7971 
C 2 369.6558 184.8279 77.4466 89.6366 
Error 2 4.7730 2.3865  1.1574 
Total 8 412.3939   100 
 
 
Table 7.37. Analysis of variance for S/N ratios of surface roughness of right side for 
experimental design II 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 82.0215 41.0108 16.2427 20.9826 
B 2 35.8981 17.9490 7.1089 9.1834 
C 2 267.9324 133.9662 53.0586 68.5421 
Error 2 5.0497 2.5249  1.2918 
Total 8 390.9017   100 
 
 
Table 7.38. Analysis of variance for S/N ratios of surface roughness of left side for 
experimental design II 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 68.3854 34.1927 17.7344 20.2523 
B 2 27.0798 13.5399 7.0226 8.0197 
C 2 238.3452 119.1726 61.8103 70.5860 
Error 2 3.8561 1.9280  1.1420 
Total 8 337.6665   100 
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Table 7.39. Analysis of variance for S/N ratios of top surface roughness for 
experimental design III 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 58.6556 29.3278 4.9044 12.2085 
B 2 29.3986 14.6993 2.4581 6.1190 
C 2 380.4363 190.2182 31.8095 79.1833 
Error 2 11.9598 5.9799  2.4893 
Total 8 480.4503   100 
 
Table 7.40. Analysis of variance for S/N ratios of surface roughness of right side for 
experimental design III 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 17.5188 8.7594 1.2013 3.7253 
B 2 11.6115 5.8057 0.7962 2.4691 
C 2 433.8446 216.9223 29.7489 92.2550 
Error 2 7.2918 3.6459  1.5506 
Total 8 470.2665   100 
 
 
Table 7.41. Analysis of variance for S/N ratios of surface roughness of left side for 
experimental design III 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 15.6136 7.8068 0.9396 3.1419 
B 2 11.4013 5.7007 0.6861 2.2943 
C 2 453.3185 226.6593 27.2804 91.2201 
Error 2 16.6170 8.3085  3.3438 
Total 8 496.9505   100 
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Table 7.42. Analysis of variance for S/N ratios of top surface roughness for 
experimental design IV 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 139.8060 69.9030 4.9535 65.7547 
B 2 22.7960 11.3980 0.8077 10.7216 
C 2 35.9038 17.9519 1.2721 16.8866 
Error 2 14.1119 7.0559  6.6372 
Total 8 212.6177   100 
 
Table 7.43. Analysis of variance for S/N ratios of surface roughness of right side for 
experimental design IV 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 201.2827 100.6413 1.4716 48.1136 
B 2 41.8866 20.9433 0.3062 10.0124 
C 2 106.7897 53.3949 0.7807 25.5265 
Error 2 68.3900 34.1950  16.3476 
Total 8 418.3489   100 
 
 
Table 7.44. Analysis of variance for S/N ratios of surface roughness of left side for 
experimental design IV 
Source of 
Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum of 
squares 
(V) 
F-ratio 
(F) 
Contribution 
(%) 
A 2 246.6002 123.3001 1.5114 52.1636 
B 2 40.1420 20.0710 0.2460 8.4913 
C 2 104.4237 52.2119 0.6400 22.0889 
Error 2 81.5781 40.7891  17.2563 
Total 8 472.7440   100 
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7.3.2 - Response Surface Analysis of Slot Milling Results  
The analysis with Taguchi’s method discussed above is useful for analysis the main 
factors that affect the surface finish. Therefore, the second order response surface is used 
to approximate the surface roughness (𝑅𝑎, 𝜇𝑚) as function of cutting parameters such 
that cutting speed ( 𝑉𝑠 ,
𝑚 
𝑚𝑖𝑛
 ), feed rate (𝑓 ,
𝑚𝑚
𝑟𝑒𝑣
) and axial depth of cut (𝑎 ,𝑚𝑚). Since 
the slot experimental designs 1, 2 and 3 are unstable cuts, therefore, the analysis is used 
for experimental design4 only. The quadratic response surface function is: 
?̂? = 𝛽0 + 𝛽1𝑉𝑠 + 𝛽2𝑓 + 𝛽3𝑎 + 𝛽11𝑉𝑠
2 + 𝛽22𝑓
2 + 𝛽33𝑎
2  
                                                                 +𝛽12𝑉𝑠𝑓 + 𝛽13𝑉𝑠𝑎 + 𝛽23𝑓𝑎                          (7.1)   
 
By using, the Matlab® optimization function lsqcurvefit the data can be fitted to the 
response function (equation 7.1). Starting with appropriate initial guesses, the program 
will search for optimum parameter to fit top surface roughness data and then those 
optimum parameters are used as initial guesses for determining the optimum parameters 
that fit the right sides roughness. In addition, what determined from the right side is used 
also to search for the optimum parameters that fit left side roughness data. Moreover, the 
highest error percentage between the measured roughness and the fitted data is 1.082e-05 
percent. The response surface coefficients are listed in table 7.45. 
As seen to response surfaces shown in figures 7.49 and 7.50, there are no critical 
minimum points. Therefore, differentiation the above equation (7.1) will not solve the 
problem. However, Matlab® optimization function quadprog can minimize any bounded 
quadratic function as follows: 
1
2
 𝑥𝑇  𝑄 𝑥 + 𝑞𝑇 𝑥 + 𝑐     →  𝑚𝑖𝑛 
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𝐴𝑥 ≤ 𝑎,      𝐵𝑥 = 𝑏,       𝐿𝐵 ≤ 𝑥 ≤  𝑈𝐵,    𝑥 ∈ 𝑅𝑛 
 
𝑥 = [
 𝑉𝑠 
𝑓
𝑑
] ,    𝑄 = [
2𝛽11 𝛽12 𝛽13
𝛽12 2𝛽22 𝛽23
𝛽13 𝛽23 2𝛽33
] ,      𝑞 = [ 
𝛽1
𝛽2
𝛽3
 ]  , 𝑐 = 𝛽0  
 
𝐴 = [ ], 𝑎 = { },   𝐵 = [ ], 𝑏 = { },   𝐿𝐵 = [
251.2 
0.04
1.0
] ,     𝑈𝐵 = [
718.2 
0.12
2.0
]  
 
The optimum parameters obtained using RSM for top, right side and left side to 
provide higher surface finish are shown in table 7.46. 
Table 7.45. The observed responses and predicted values for surface roughness 
Factor coefficient 
 
Initial guess 
values 
Coefficients of Top 
surface roughness 
Coefficients of  
Right side surface 
roughness 
Coefficients of Left 
side surface 
roughness 
Constant     𝛽0 1 -1.92972 -8.86550 -11.04239 
 𝑉𝑠    𝛽1 1 0.00556 0.08169 0.10193 
 𝑓    𝛽2 1 -0.76311 -139.80405 -180.86814 
 𝑎    𝛽3 1 2.12256 -1.95953 -2.14311 
 𝑉𝑠
2    𝛽11 1 -2.54324E-06 -5.94931E-05 -7.43255E-05 
 𝑓2    𝛽22 1 2.56000 31.76394 41.01392 
 𝑎2    𝛽33 1 -0.65676 -6.65026 -9.15276 
 𝑉𝑠𝑓    𝛽12 1 -0.02833 -0.39256 -0.51378 
 𝑉𝑠𝑎    𝛽13 1 -0.00143 0.00720 0.01083 
 𝑓a    𝛽23 1 10.96800 232.35208 301.62840 
 
 
Table 7.46. The optimum parameters for slot milling process obtained using Taguchi 
and RSM methods. 
Optimum slot milling 
parameter 
Top surface Right side surface Left side surface 
Taquchi RSM Taquchi RSM Taquchi RSM 
𝑉𝑠
∗  (𝑚/𝑚𝑖𝑛) 718.2 718.2 718.2 718.2 718.2 718.2 
𝑓∗   (𝑚𝑚/𝑟𝑒𝑣) 0.04 0.12 0.04 0.12 0.04 0.12 
𝑎∗   (𝑚𝑚) 1 1 1 1 1 1 
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Fig. 7.49. Three-dimensional response surface and the corresponding contour plot for the 
surface roughness of slot milling process with holding depth of cut or feed rate. 
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Fig. 7.50. Three-dimensional response surface and the corresponding contour plot for the 
surface roughness of slot milling process with holding cutting speed at 718.2 m/min. 
 
7.4 - Analysis and Discussion of End Milling Results  
The main objective of the experiment is to identify the optimal levels for the end 
milling parameters (cutting speed, feed rate, axial depth of cut, radial immersion, helix 
angle and end-mill type) to achieve the low value of the surface roughness. In this 
section, two methods are used to optimize the slot milling parameters, Taguchi’s method 
and response surface methodology (RSM). 
7.4.1 - Effect of cutting parameters of end milling on surface roughness  
 The S/N ratio values of the surface roughness are calculated, using the smaller the 
better characteristics. The calculated signal-to-noise ratios for up and down milling are 
shown in table 7.48. Mean signal to noise ratios for up and down milling are computed 
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ratios are illustrated in figures 7.51 through 7.56. Moreover, ANOVA table is calculated 
and shown in tables 7.55 through 7.60.    
Table 7.48. Calculated S/N for the surface finish of up and down milling process 
Exp 
# 
A 
rpm 
A 
m/min 
B 
mm/rev 
B 
mm/min 
C 
mm 
D 
% 
D 
mm 
E 
deg 
S/N (dB) 
Up milling Down milling 
1 6000 239.39 0.01 60 2 3% 0.381 30 -6.2383 2.149 
2 6000 239.39 0.02 120 2.5 6% 0.762 35 -14.945 1.619 
3 6000 239.39 0.03 180 3 9% 1.143 40 -9.7951 -2.1216 
4 6000 239.39 0.04 240 3.5 12% 1.524 45 -22.634 3.606 
5 8040 320.78 0.01 80.4 2.5 9% 1.143 45 -21.534 1.7066 
6 8040 320.78 0.02 160.8 2 12% 1.524 40 -7.1334 4.7796 
7 8040 320.78 0.03 241.2 3.5 3% 0.381 35 -3.8632 -0.17571 
8 8040 320.78 0.04 321.6 3 6% 0.762 30 -2.7401 0.37331 
9 10080 402.17 0.01 100.8 3 12% 1.524 35 -13.397 -2.1626 
10 10080 402.17 0.02 201.6 3.5 9% 1.143 30 -3.3471 1.3559 
11 10080 402.17 0.03 302.4 2 6% 0.762 45 -17.399 -0.43425 
12 10080 402.17 0.04 403.2 2.5 3% 0.381 40 2.9694 7.9413 
13 12000 478.78 0.01 120 3.5 6% 0.762 40 3.926 10.536 
14 12000 478.78 0.02 240 3 3% 0.381 45 -13.963 6.9479 
15 12000 478.78 0.03 360 2.5 12% 1.524 30 -1.2346 -22.983 
16 12000 478.78 0.04 480 2 9% 1.143 35 8.3303 9.0478 
 
It is clear from mean S/N response table 7.49 and response graph shown in figure 
7.51 that the most effective parameter on surface roughness of up milling process with 
including the unstable cuts is the helix angle, next effective parameter is the cutting speed 
and feed rate then radial immersion. However, the less effective parameter on surface 
roughness is the axial depth of cut. Table 7.56 shows the results of ANOVA for surface 
roughness. The contributions of the machining parameters of up milling process for the 
surface roughness are helix angle (55.74%), cutting speed (26.43%), feed rate (7.97%), 
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radial of immersion (6.0%) and axial depth of cut (3.85%). Based on the S/N ratio and 
ANOVA analysis, the lowest surface roughness of the up milling process is found at level 
4 of cutting speed (A4, 12000 rpm), level 4 of feed rate (B4, 0.04 mm/rev), level 1 of 
axial depth of cut (C1, 2 mm), level 1 of radial immersion (D1, 0.381 mm) and level 3 of 
the helix angle (E3, 400). On the other hand, it is clear from mean S/N response table 7.50 
and response graph shown in figure 7.52 that the most effective parameter on surface 
roughness of up milling process with excluding all unstable cuts is the helix angle, next 
effective parameter is the radial immersion and cutting speed then feed rate. However, 
the less effective parameter on surface roughness is the axial depth of cut. Table 7.57 
shows the results of ANOVA for surface roughness. The contributions of the machining 
parameters of up milling process for the surface roughness are helix angle (33.22%), 
radial of immersion (21.9%), cutting speed (20.22%), feed rate (13.76%) and axial depth 
of cut (10.91%). Based on the S/N ratio and ANOVA analysis, the lowest surface 
roughness for up milling process is found at level 4 of cutting speed (A4, 12000 rpm), 
level 4 of feed rate (B4, 0.04 mm/rev), level 4 of axial depth of cut (C4, 3.5 mm), level 3 
of radial immersion (D3, 1.143 mm) and level 2 of the helix angle (E2, 350). 
It is clear from mean S/N response table 7.51 and response graph shown in figure 
7.53 that the most effective parameter on surface roughness of down milling process with 
including the unstable cuts is the feed rate, next effective parameter is the helix angle and 
radial immersion then axial depth of cut. However, the less effective parameter on 
surface roughness is the cutting speed. Table 7.58 shows the results of ANOVA for 
surface roughness. The contributions of the machining parameters of down milling 
process for the surface roughness are feed rate (39.1%), helix angle (26.1%), radial of 
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immersion (20.03%) axial depth of cut (14.55%) and cutting speed (0.2%). Based on the 
S/N ratio and ANOVA analysis, the lowest surface roughness of the down milling 
process is found at level 3 of cutting speed (A3, 10080 rpm), level 4 of feed rate (B4, 
0.04 mm/rev), level 1 of axial depth of cut (C1, 2 mm), level 1 of radial immersion (D1, 
0.381 mm) and level 3 of the helix angle (E3, 400). On the other hand, it is clear from 
mean S/N response table 7.52 and response graph shown in figure 7.54 that the most 
effective parameter on surface roughness of down milling process with excluding all 
unstable cuts is the cutting speed next effective parameter is the helix angle and feed rate 
then radial immersion. However, the less effective parameter on surface roughness is the 
axial depth of cut. Table 7.59 shows the results of ANOVA for surface roughness. The 
contributions of the machining parameters of down milling process for the surface 
roughness are cutting speed (42.61), helix angle (21.61%), feed rate (21.47%), radial of 
immersion (12.45%) and axial depth of cut (1.85%). Based on the S/N ratio and ANOVA 
analysis, the lowest surface roughness of the down milling process is found at level 4 of 
cutting speed (A4, 12000 rpm), level 4 of feed rate (B4, 0.04 mm/rev), level 1 of axial 
depth of cut (C1, 2 mm), level 3 of radial immersion (D3, 1.143 mm) and level 3 of the 
helix angle (E2, 400).  
From the response tables 7.53 and 7.54, also as seen in response graphs in figures 
7.55 and 7.56, the down milling is having the highest signal to noise ratio, so it is more 
preferable method.  
It is clear from mean S/N response table 7.55 and response graph shown in figure 
7.57 that the most effective parameter on surface roughness of the combination of up and 
down milling processes with excluding the unstable cuts is the feed rate, next effective 
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parameter is the helix angle then cutting speed and then radial immersion. However, the 
less effective parameter on surface roughness is the axial depth of cut. Table 7.62 shows 
the results of ANOVA for surface roughness. The contributions of the machining 
parameters of the combination of stable up and down milling process for the surface 
roughness are feed rate (30.98%), helix angle (23.24%), cutting speed (16.7%), radial of 
immersion (16%) and axial depth of cut (13.08%). Based on the S/N ratio and ANOVA 
analysis, the lowest surface roughness of the milling process is found at level 4 of cutting 
speed (A4, 12000 rpm), level 4 of feed rate (B4, 0.04 mm/rev), level 4 of axial depth of 
cut (C4, 3.5 mm), level 3 of radial immersion (D3, 1.151 mm), level 3 of the helix angle 
(E3, 400) and level 2 of milling type (F2, down milling). 
Table 7.49. Mean S/N response for surface roughness of up milling process including 
50% stable cuts 
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 Level 4 
Spindle Speed(rpm) A -13.403 -8.8177 -7.7933 -0.7354 12.668 2 
Feed rate (mm/rev) B -9.3108 -9.8471 -8.073 -3.5186 6.3285 3 
Axial depth of cut (mm) C -5.6101 -8.6861 -9.9738 -6.4796 4.3637 5 
Radial immersion (%) D -5.2738 -7.7894 -6.5866 -11.1 5.8259 4 
Helix angle (degree) E -3.39 -5.9686 -2.5083 -18.883 16.374 1 
 
Table 7.50. Mean S/N response for surface roughness of up milling with 100% stable 
cuts.  
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 Level 4 
Spindle Speed(rpm) A -6.2383 -4.9367 -17.3989 -0.7354 16.6635 3 
Feed rate (mm/rev) B -1.1561 -10.5483 -9.3168 2.7951 13.3435 4 
Axial depth of cut (mm) C -5.6101 -1.2346 -8.3517 3.9260 12.2777 5 
Radial immersion (%) D -10.1008 -5.4043 8.3303 -4.1840 18.4311 2 
Helix angle (degree) E -3.4043 8.3303 -1.6037 -15.6811 24.0115 1 
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Table 7.51. S/N response for surface roughness of down milling process including 
68.75% stable cuts 
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 Level 4 
Spindle Speed(rpm) A 1.313 1.671 1.6751 0.88712 0.78797 5 
Feed rate (mm/rev) B 3.0573 3.6756 -6.4287 5.2421 11.671 1 
Axial depth of cut (mm) C 3.8855 -2.9291 0.75924 3.8306 6.8146 4 
Radial immersion (%) D 4.2156 3.0235 2.4972 -4.1901 8.4057 3 
Helix angle (degree) E -4.7763 2.0821 5.2839 2.9566 10.06 2 
 
 
Table 7.52. Mean S/N response for surface roughness of down milling with 100% 
stable cuts.  
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 Level 4 
Spindle Speed(rpm) A 2.4580 1.6710 7.9413 8.8439 7.1730 1 
Feed rate (mm/rev) B 4.7973 4.4488 -0.1757 5.2421 5.4178 3 
Axial depth of cut (mm) C 5.3255 3.7556 3.6606 4.6555 1.6649 5 
Radial immersion (%) D 4.2156 4.1761 5.3772 0.9961 4.3810 4 
Helix angle (degree) E 1.2612 3.4970 7.7524 4.0868 6.4912 2 
 
 
Table 7.53. Mean S/N response for surface roughness of up and down milling 
combine as L’32 and including 59.4% stable cuts 
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 Level 4 
Spindle Speed(rpm) A -6.0450 -3.5734 -3.0591 0.0759 6.1208 4 
Feed rate (mm/rev) B -3.1268 -3.0858 -7.2508 0.8617 8.1126 2 
Axial depth of cut (mm) C -0.8623 -5.8076 -4.6073 -1.3245 4.9453 5 
Radial immersion (%) D -0.5291 -2.3830 -2.0447 -7.6449 7.1158 3 
Helix angle (degree) E -4.0831 -1.9432 1.3878 -7.9631 9.3509 1 
Milling type* F -7.6874 1.3866 - - 9.0740  
*Level 1 for up milling, Level 2 for down milling 
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Table 7.54. Mean S/N response for surface roughness of up and down milling 
combine as L’16 with 68.75% stable cuts.  
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 Level 4 
Spindle Speed(rpm) A -2.7021 -2.0856 -0.74365 4.6718 7.3739 1 
Feed rate (mm/rev) B -0.69206 -0.47841 -2.9099 3.2208 6.1307 3 
Axial depth of cut (mm) C -1.1895 1.2651 -1.9375 1.0023 3.2026 4 
Radial immersion (%) D 0.87583 0.59267 -0.59696 -1.7312 2.607 5 
Helix angle (degree) E -3.39 2.0821 -2.5083 2.9566 6.3466 2 
Milling type* F -2.9491 2.5193 - - 5.4685  
*Level 1 for up milling, Level 2 for down milling 
 
 
Table 7.55. Mean S/N response for surface roughness of stable cuts of combination 
of up and down milling process.  
Factors 
Mean S/N ratio 
Max-min Rank 
Level 1 Level 2 Level 3 Level 4 
Spindle Speed(rpm) A 0.2839 -0.5316 -4.7288 3.3700 8.0988 3 
Feed rate (mm/rev) B 2.4159 -1.5500 -6.2698 4.4264 10.6962 1 
Axial depth of cut (mm) C -0.9234 2.5081 -2.3456 4.4731 6.8187 5 
Radial immersion (%) D -0.5565 -0.6141 6.3616 0.0044 6.9757 4 
Helix angle (degree) E -1.5381 4.7053 4.0100 -3.8204 8.5257 2 
Milling type* F -4.5565 4.4119 - - 8.9684  
*Level 1 for up milling, Level 2 for down milling 
 
 
 
Fig. 7.51. S/N response graph for surface roughness of up milling process 50% stable cuts 
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Fig. 7.52. S/N response graph for surface roughness of up milling process using stable cuts 
only 
 
 
Fig. 7.53. S/N response graph for surface roughness of down milling process 
 
 
 
Fig. 7.54. S/N response graph for surface roughness of down milling process using stable cuts 
only 
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Fig. 7.55. S/N response graph for surface roughness of end milling process (L’32). 
 
 
 
Fig. 7.56. S/N response graph for surface roughness of end milling process (L’16). 
 
 
Fig. 7.57. S/N response graph for surface roughness of up and down milling process using 
stable cuts only 
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Table 7.56. Analysis of variance for S/N ratios of surface roughness of up milling 
experiment  
Source of Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum 
of squares 
(V) 
Contribution 
(%) 
Spindle Speed(rpm) A 3 329.15 109.72 26.426 
Feed rate (mm/rev) B 3 99.309 33.103 7.9732 
Axial depth of cut (mm) C 3 47.997 15.999 3.8535 
Radial immersion (%) D 3 74.766 24.922 6.0027 
Helix angle (degree) E 3 694.32 231.44 55.744 
Total  15 1245.5  100 
 
 
Table 7.57. Analysis of variance for S/N ratios of surface roughness of up milling 
experiment using stable cuts only 
Source of Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum 
of squares 
(V) 
Contribution 
(%) 
Spindle Speed(rpm) A 3 365.003 121.668 20.217 
Feed rate (mm/rev) B 3 248.343 82.781 13.755 
Axial depth of cut (mm) C 3 197.004 65.668 10.912 
Radial immersion (%) D 3 395.335 131.778 21.897 
Helix angle (degree) E 3 599.750 199.917 33.219 
Total  15 1805.436  100 
 
 
Table 7.58. Analysis of variance for S/N ratios of surface roughness of down milling 
experiment 
Source of Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum 
of squares 
(V) 
Contribution 
(%) 
Spindle Speed(rpm) A 3 1.6759 0.55863 0.19509 
Feed rate (mm/rev) B 3 335.9 111.97 39.101 
Axial depth of cut (mm) C 3 124.95 41.649 14.545 
Radial immersion (%) D 3 172.06 57.354 20.029 
Helix angle (degree) E 3 224.47 74.824 26.13 
Total  15 859.06  100 
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Table 7.59. Analysis of variance for S/N ratios of surface roughness of down milling 
experiment using stable cuts only 
Source of Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum 
of squares 
(V) 
Contribution 
(%) 
Spindle Speed(rpm) A 3 86.860 28.953 42.609 
Feed rate (mm/rev) B 3 43.771 14.590 21.472 
Axial depth of cut (mm) C 3 3.778 1.259 1.853 
Radial immersion (%) D 3 25.387 8.462 12.453 
Helix angle (degree) E 3 44.057 14.686 21.612 
Total  15 203.853  100 
 
 
Table 7.60. Analysis of variance for S/N ratios of surface roughness of up and down 
combine as L’32  
Source of Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum 
of squares 
(V) 
Contribution 
(%) 
Spindle Speed(rpm) A 3 151.797 50.599 13.121 
Feed rate (mm/rev) B 3 263.324 87.775 22.762 
Axial depth of cut (mm) C 3 142.021 47.340 12.276 
Radial immersion (%) D 3 231.066 77.022 19.973 
Helix angle (degree) E 3 368.675 122.892 31.868 
Milling type F 1 658.694 658.694  
Total  16 1156.884  100 
 
 
Table 7.61. Analysis of variance for S/N ratios of surface roughness of up and down 
combine as L’16  
Source of Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum 
of squares 
(V) 
Contribution 
(%) 
Spindle Speed(rpm) A 3 135.379 45.126 35.343 
Feed rate (mm/rev) B 3 77.456 25.819 20.221 
Axial depth of cut (mm) C 3 30.357 10.119 7.925 
Radial immersion (%) D 3 17.148 5.716 4.477 
Helix angle (degree) E 3 122.701 40.900 32.033 
Milling type F 1 119.617 119.617  
Total  16 383.040  100 
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Table 7.62. Analysis of variance for S/N ratios of surface roughness of stable cuts of 
combination of up and down    
Source of Variation 
Degree of 
freedom 
(DOF) 
Sum of 
squares 
(SS) 
Mean sum 
of squares 
(V) 
Contribution 
(%) 
Spindle Speed(rpm) A 3 179.269 59.756 16.700 
Feed rate (mm/rev) B 3 332.509 110.836 30.976 
Axial depth of cut (mm) C 3 140.363 46.788 13.076 
Radial immersion (%) D 3 171.795 57.265 16.004 
Helix angle (degree) E 3 249.515 83.172 23.244 
Milling type F 1 391.581 391.581  
Total  16 1073.452  100 
 
7.4.2 - Response Surface Analysis of End Milling Results  
The analysis with Taguchi’s method discussed above is useful for analysis the main 
factors that affect the surface finish. Therefore, the second order response surface is used 
to approximate the surface roughness (𝑅𝑎, 𝜇𝑚) as function of cutting parameters such 
that cutting speed ( 𝑉𝑠 ,
𝑚 
𝑚𝑖𝑛
 ), feed rate (𝑓 ,
𝑚𝑚
𝑟𝑒𝑣
), axial depth of cut (𝑎 , 𝑚𝑚) , radial of 
immersion (𝑅𝑖 , 𝑚𝑚), helix angle ( 𝛾 , 𝑑𝑒𝑔𝑟𝑒𝑒) and milling type .The quadratic response 
surface function for up or down milling is: 
?̂? = 𝛽0 + 𝛽1𝑉𝑠 + 𝛽2𝑓 + 𝛽3𝑎 + 𝛽4 𝑅𝑖 + 𝛽5 𝛾 + 𝛽11𝑉𝑠
2 + 𝛽22𝑓
2 + 𝛽33𝑎
2 
              +𝛽44𝑅𝑖
2 + 𝛽55𝛾
2 + 𝛽12𝑉𝑠𝑓 + 𝛽13𝑉𝑠𝑎 + 𝛽14𝑉𝑠 𝑅𝑖 + 𝛽15𝑉𝑠 𝛾 
              +𝛽23𝑓 𝑎 + 𝛽24𝑓 𝑅𝑖 + 𝛽25𝑓 𝛾 + 𝛽34𝑎 𝑅𝑖 + 𝛽35𝑎 𝛾 + 𝛽45𝑅𝑖  𝛾                 (7.2)   
 
By using, the Matlab® optimization function lsqcurvefit the data can be fitted to the 
response function (equation 7.2). Starting with appropriate initial guesses, the program 
will search for optimum parameter to fit the end mill surface roughness data. The 
response surface coefficients are listed in table 7.63. 
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Table 7.63. The observed responses and predicted values for surface roughness 
Factor 
coefficient 
Initial 
guess 
values 
Up milling 
50% stable 
cuts 
Down milling 
68.75% stable 
cuts 
Up milling 
100% stable 
cuts 
Down milling 
100% stable 
cuts 
Combination 
of up & down 
milling 100% 
stable cuts 
Const    𝛽0 1 5.6098176 12.2513232 0.9890559 1.007591 1.698033 
𝑉𝑠    𝛽1 1 0.3473545 0.1460203 -0.12639 -0.0174482 -0.0238194 
𝑓    𝛽2 1 1.2235784 2.6298734 0.999 0.9983307 1.0392292 
𝑎    𝛽3 1 11.5341512 18.6899901 0.966318 1.0733407 2.9153763 
𝑅𝑖    𝛽4 1 6.6585432 9.4156908 0.9519366 0.9972863 2.3426261 
𝛾    𝛽4 1 -4.1828036 -3.335795 0.8233861 0.0346487 -0.0889333 
𝑉𝑠
2    𝛽11 1 -0.000143 6.83e-05 0.0005012 2.49e-05 -0.000103 
𝑓2    𝛽22 1 0.783491 0.8022127 0.9995504 0.9994796 0.9994546 
𝑎2    𝛽33 1 -0.8898563 -4.7283146 1.0467445 1.1772672 3.2229843 
𝑅𝑖
2    𝛽44 1 -3.3682583 0.03686 0.8090572 0.7850042 2.2053228 
−𝛾2    𝛽55 1 0.0556774 0.0648526 0.0585091 0.0111361 -0.0027427 
𝑉𝑠 𝑓    𝛽12 1 -0.9031709 -2.3930217 0.409905 -0.1096586 -0.4737681 
𝑉𝑠 𝑎    𝛽13 1 -0.0597049 0.0155023 0.0319946 -0.0009166 -0.0365179 
𝑉𝑠 𝑅𝑖     𝛽14 1 -0.0112617 0.0608519 -0.0341696 0.0099628 0.0178286 
𝑉𝑠 𝛾    𝛽15 1 -0.00164 -0.0062033 -0.0091137 -0.0002081 0.0050515 
𝑓 𝑎    𝛽23 1 3.0393165 6.8377367 0.9929166 1.0017611 1.2493367 
𝑓𝑅𝑖    𝛽24 1 2.325444 4.3726767 0.9980756 1.0044583 1.1697009 
𝑓 𝛾    𝛽25 1 1.0016276 23.0282397 0.9711073 0.7777996 1.5806623 
𝑎 𝑅𝑖     𝛽34 1 1.6546609 -8.3885948 0.9797993 1.1408937 6.1121556 
𝑎 𝛾    𝛽35 1 0.3163574 0.1581726 -0.5072611 -0.2169818 -0.3351111 
𝑅𝑖 𝛾    𝛽45 1 -0.0723823 -0.3199114 0.02356 -0.2386026 -0.685463 
 
 
As seen to response surfaces shown in figures 7.58 to 7.60, there are no critical 
points. Therefore, differentiation the above equation (7.2) will not solve the problem. 
However, Matlab® optimization function quadprog can minimize any bounded quadratic 
function as follows: 
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1
2
 𝑥𝑇  𝑄 𝑥 + 𝑞𝑇 𝑥 + 𝑐     →  𝑚𝑖𝑛 
 
𝐴𝑥 ≤ 𝑎,      𝐵𝑥 = 𝑏,       𝐿𝐵 ≤ 𝑥 ≤  𝑈𝐵,    𝑥 ∈ 𝑅𝑛 
 
𝑥 =
[
 
 
 
 
 𝑉𝑠 
𝑓
𝑎
𝑅𝑖
𝛾 ]
 
 
 
 
,    𝑄 =
[
 
 
 
 
2𝛽11     𝛽12
  𝛽12 2𝛽22
  𝛽13    𝛽14
  𝛽23   𝛽24
  𝛽15
  𝛽25
  𝛽13   𝛽23
 𝛽14   𝛽24
2𝛽33   𝛽34
 𝛽34 2𝛽44
  𝛽35
  𝛽45
  𝛽15    𝛽25  𝛽35    𝛽45 2𝛽55]
 
 
 
 
 ,      𝑞 =
[
 
 
 
 
 
𝛽1
𝛽2
𝛽3
𝛽4
𝛽5
 
]
 
 
 
 
 , 𝑐 = 𝛽0  
 
𝐴 = [ ], 𝑎 = { },   𝐵 = [ ], 𝑏 = { },   𝐿𝐵 =
[
 
 
 
 
 239.38  
0.01
2
0.380
30 ]
 
 
 
 
,     𝑈𝐵 =
[
 
 
 
 
 478.8  
0.04
3.5
1.524
45 ]
 
 
 
 
  
 
The optimum parameters obtained using RSM for up mill of 50 % stable cuts, up mill 
of 100 % stable cuts, down mill of 68.75 % stable cuts, down mill of 100% stable cuts 
and the combination of stable up and down milling to provide a higher surface finish are 
shown in table 7.64. 
 
Table 7.64. The optimum parameters for slot milling process obtained using Taguchi 
and RSM methods. 
Optimum slot 
milling 
parameter 
Up milling 
50% stable 
cuts 
Up milling 
100% stable 
cuts 
Down milling 
68.75% stable 
cuts 
Down milling 
100% stable 
cuts 
Combination 
of up & down 
milling 100% 
stable cuts 
Taquchi RSM Taquchi RSM Taquchi RSM Taquchi RSM Taquchi RSM 
𝑉𝑠
∗  (𝑚/𝑚𝑖𝑛) 478.8 479 478.8 478 402.2# 478.8 478.8 478.8 478.8 478.8 
𝑓∗   (𝑚𝑚/𝑟𝑒𝑣) 0.04 0.04 0.04 0.01 0.04 0.04 0.04 0.04 0.04 0.04 
𝑎∗   (𝑚𝑚) 2 3.5 3.5 2 2 2 2 3.2157 3.5 3.5 
𝑅𝑖
∗   (𝑚𝑚) 0.381 0.381 1.143 1.524 0.381 0.381 1.143 .381 1.143 0.381 
𝛾∗   (degree) 40 35 or 40 35 35 40 40 40 40 40 35 
Stability 
condition 
S S S S U S S S S S 
# This speed will provide unstable cut # This speed will provide unstable cut  
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Fig. 7.58. Three-dimensional response surface for the surface roughness of up milling process 
(100% Stable cuts) at different feed rates and different helix angles with holding 
cutting speed at 378 m/min. 
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Fig. 7.59. Three-dimensional response surface for the surface roughness of down milling 
process (100% Stable cuts) at different feed rates and different helix angles with 
holding cutting speed at 378 m/min. 
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Fig. 7.60. Three-dimensional response surface for the surface roughness of the combination of 
up and down milling process (100% Stable cuts) at different feed rates and different 
helix angles with holding cutting speed at 378 m/min. 
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7.5 – Results of End-Milling Bifurcation Experiments and Simulation  
 
The main objective of the experiments and numerical simulations is to study the 
nature of the bifurcation and the effect of feed rate on the location of bifurcation 
occurrence in low radial immersion of the milling process. The axial depth of cut, a, is 
either increased or decreased. The axial depth of cut is increased from 0 mm to 6 mm 
along the workpiece length or decreased from 6 mm to 0 mm along the workpiece length. 
Both up and down milling are performed to study the stability of end milling process.  
In milling simulations, two different force models were used the linear and nonlinear 
model. Also, bifurcation diagrams are created for different cutting parameters to study the 
behavior of milling bifurcation. Moreover, Poincaré maps are plotted to provide clear 
vision of the dynamical behavior of the end-milling process.  
The analysis of the experimental data is done by plotting the tool displacement and 
tool displacement per revolution for both cutting teeth to create the bifurcation diagrams 
and Poincaré maps. The color scale and frequency analysis are used to find the 
bifurcation point. After selecting a region of data that includes the bifurcation point, the 
Matlab® function fft is employed to return the displacement data into several single-sided 
amplitude spectrums (see figures 7.61 and 7.63).It can be seen in Fig. 7.63 that the peaks 
of frequency magnitudes before the bifurcation point does not change. On the contrary, 
the peaks of frequency magnitudes change as the axial depth of cut passes the bifurcation 
point. Then, the peaks of frequency magnitudes stay without any change in the chatter 
region. 
  
 
158 
From the simulation results, the feed rate does not affect the location of the 
bifurcation point so much. However, there is a slight change in the bifurcation point 
occurrence. In the increasing axial depth of cut case, as the feed rate increases the 
bifurcation point takes place at a latter location (depth of cut increases). Also, the 
amplitude of the tool tip displacement increases and this reasonable due to the increase of 
the chip thickness and cutting forces. In the decreasing axial depth of cut case, as the feed 
rate increases the bifurcation point takes place at an earlier location (depth of cut 
increases). Also, the amplitude of the tool tip displacement increases. 
  From experimental results, the feed rate also does not affect the positioning of the 
bifurcation point so much. As seen in Fig.7.62, some of the milling cases show slight 
increase in the axial depth of cut at the bifurcation point as the feed rate increases other 
cases show the opposite behavior. Thus, there is no clear evidence that the feed rate 
affects the bifurcation occurrence.  
Figures 7.64 through 7.67 show the experimental and simulated results of the linear 
and nonlinear milling model. It can be seen that the simulated bifurcation using the 
nonlinear model approximates the experimental data better than the linear model. 
Moreover, the worst scenario is obtained from the linear model with including edge 
coefficients. As discussed in Section 7.1, there is a sharp transition on the force value of 
the linear model at the end of each tool pass period. This may have a direct impact on the 
bifurcation dynamics. Finally, it is not expected for the bifurcation points estimated from 
numerical simulation results to perfectly match the experimental results. However, the 
numerical simulation can be a strong tool to predict the dynamic stability of the milling 
process. 
  
 
159 
 
Fig. 7.61. Tool displacement for an increasing axial depth of cut , a, of up milling process at    
Ω = 16,080 rpm, f = 0.1 mm/rev and RDOC=0.635 mm. Poincaré maps are created 
using section included the bifurcation point. 
 
 
Fig. 7.62. Effect of feed rate on the location of bifurcation occurrence. 
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Fig. 7.63. Single-sided amplitude spectrum of the experimental data X(t) given in Fig7.61 
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Fig. 7.64. Tool tip displacement, X, (blue) and tool tip displacement per revolution, 2*Xn, (red) for an 
increasing axial depth of cut , a, of up milling process at Ω = 16,080 rpm, f = 0.1 mm/rev and 
RDOC=0.381 mm: (a) experimental result, (b) simulation with linear force model, (c) 
simulation with linear force model with excluding cutting-edge coefficients, (d) simulation with 
nonlinear force model. Poincaré maps are created from sections between 4.56 mm and 4.8 mm 
of the depth of cut, a, and are given to the right of each bifurcation diagram. 
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Fig. 7.65. Tool tip displacement, X, (blue) and tool tip displacement per revolution, 2*Xn, (red) 
for a decreasing axial depth of cut , a, of up milling process at Ω = 16,080 rpm, f = 0.1 
mm/rev and RDOC=0.381 mm: (a) experimental result, (b) simulation with linear 
force model, (c) simulation with linear force model with excluding cutting-edge 
coefficients, (d) simulation with nonlinear force model. Poincaré maps are created 
from sections between 4.56 mm and 4.8 mm of the depth of cut, a, and are given to the 
right of each bifurcation diagram. 
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Fig. 7.66. Tool tip displacement, X, (blue) and tool tip displacement per revolution, 2*Xn, (red) 
for an increasing axial depth of cut , a, of down milling process at Ω = 16,080 rpm, f = 
0.1 mm/rev and RDOC=0.381 mm: (a) experimental result, (b) simulation with linear 
force model, (c) simulation with linear force model with excluding cutting-edge 
coefficients, (d) simulation with nonlinear force model. Poincaré maps are created 
from sections between 4.56 mm and 4.8 mm of the depth of cut, a, and are given to the 
right of each bifurcation diagram. 
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Fig. 7.67. Tool tip displacement, X, (blue) and tool tip displacement per revolution, 2*Xn, (red) 
for a decreasing axial depth of cut , a, of down milling process at Ω = 16,080 rpm, f = 
0.1 mm/rev and RDOC=0.381 mm: (a) experimental result, (b) simulation with linear 
force model, (c) simulation with linear force model with excluding cutting-edge 
coefficients, (d) simulation with nonlinear force model. Poincaré maps are created 
from sections between 4.56 mm and 4.8 mm of the depth of cut, a, and are given to the 
right of each bifurcation diagram. 
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CHAPTER 8 
CONCLUSION AND FUTURE WORK 
8.1 - Conclusion  
In this research, the analytical milling force model is presented. Two models are 
discussed, linear and nonlinear model. These models include the helix angle effect by 
discretizing the total depth of cut into small infinitesimal disks. In addition, the linear 
model includes the edge coefficients. Also, two mathematical methods (average force 
method and optimization method) for identifying the cutting force coefficients are 
presented. The average force method uses equations given by Altintas [41] for calculating 
the cutting coefficients of the linear force model. However, the equations for the 
nonlinear model are derived and used in this paper. The second method uses the 
optimization technique for identifying the cutting coefficients by minimizing the error 
between experimental and analytical forces.  
By comparing the cutting force coefficients determined using both methods, it can be 
seen that the main tangential and radial cutting force coefficients for the linear force 
model, 𝒌𝒕𝒄 , 𝒌𝒓𝒄, decrease as the helix angle increases. However, the axial cutting force 
coefficient, 𝒌𝒂𝒄, increases as the helix angle increases. On the other hand, the cutting-
edge coefficients, 𝒌𝒕𝒆 , 𝒌𝒓𝒆  and 𝒌𝒂𝒆 , are varies. By comparing the cutting force 
coefficients determined using both methods, it can be seen that the main cutting 
coefficients, 𝒌𝒕𝒄, 𝒌𝒓𝒄 and 𝒌𝒂𝒄, obtained by optimization method is slightly higher than the 
ones obtained by the average force method. However, the cutting-edge coefficients, 𝒌𝒕𝒆, 
𝒌𝒓𝒆 and 𝒌𝒂𝒆, obtained by optimization method is less than the ones obtained by the other 
  
 
166 
method. It looks like; if there is an increase at one term of the force model then there is a 
decrease on the other term of the linear force model produced by the optimization 
method. The analytical force model obtained by using the nonlinear model approximating 
the experimental force of the tools that having helical flutes better than the linear model. 
The analytical force model obtained by using optimization method is approximate the 
experimental force better than the model that obtained by using the average force method. 
Moreover, the nonlinear force model is more accurate than the linear force model 
obtained by using optimization method 
The stability limits are created in the end-milling process using the analytical method. 
The experimental results confirm the instability of all slot-milling cuts of the first three 
experimental designs. Also, The slot milling experiments show that while the system in 
the chatter region and close to the stability limits then the axial depth of cut increased, the 
system change from stable chatter to chaotic chatter. In the end milling experiments (up 
and down milling), the stability conditions obtained by analytical method and numerical 
simulation are the same. Also, stability conditions obtained from up and down milling 
experiments are close to the stability conditions obtained using the analytical method or 
numerical simulation.  
The applications of Taguchi and response surface methodologies (RSM) are used to 
minimize the surface roughness in the end milling process. Taguchi’s method for 
optimum selection of the milling process parameters is applied Based on the signal to 
noise ratio and ANOVA analysis of the surface finish. A second-order model contains 
quadratic terms has been created between the cutting parameters and surface roughness 
using response surface methodology (RSM). Surface roughness of the machined surfaces 
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are measured and used to identify the optimum levels of the milling parameters. Based on 
Taguchi, ANOVA and RSM analysis, the end milling process can be optimized to 
improve surface finish quality and machining productivity. 
Based on the S/N ratio and ANOVA analysis, the lowest surface roughness of of the 
end milling process (up and down milling) is as follows: 
1- The most effective parameter on surface roughness of slot milling process for the first 
three experimental designs is the axial depth of cut. This is reasonable due to the 
instability of cuts. Moreover, all slot cuts of the first three experimental designs were 
unstable. Next effective parameter is the cutting speed. However, the less effective 
parameter on surface roughness is the feed rate. On the other hand, in the 
experimental design 4 the most effective parameter on surface roughness is the 
cutting speed. Next effective parameter is the axial depth of cut. However, the less 
effective parameter on surface roughness is the feed rate. From experimental design 4 
of the slot milling process, the contributions of parameters for the top surface 
roughness are cutting speed (65.75%), axial depth of cut (16.87%) and feed rate 
(10.722%). The average contributions of parameters for both side surfaces are cutting 
speed (50.14%), axial depth of cut (23.81%) and feed rate (9.25%). The lowest 
surface roughness of the slot milling is at level 3 of cutting speed (A3, 718.2 m/min), 
level 1 of feed rate (B1, 0.04 mm / rev) and level 1 of axial depth of cut (C1, 1 mm).  
2- The most effective parameter on surface roughness of up milling process with 
excluding all unstable cuts is the helix angle, next effective parameter is the radial 
immersion and cutting speed then feed rate. However, the less effective parameter on 
surface roughness is the axial depth of cut. The contributions of the machining 
  
 
168 
parameters of up milling process for the surface roughness are helix angle (33.22%), 
radial of immersion (21.9%), cutting speed (20.22%), feed rate (13.76%) and axial 
depth of cut (10.91%). The lowest surface roughness for up milling process is found 
at level 4 of cutting speed (A4, 12000 rpm), level 4 of feed rate (B4, 0.04 mm/rev), 
level 4 of axial depth of cut (C4, 3.5 mm), level 3 of radial immersion (D3, 1.143 
mm) and level 2 of the helix angle (E2, 350). 
3- The most effective parameter on surface roughness of down milling process with 
excluding all unstable cuts is the cutting speed next effective parameter is the helix 
angle and feed rate then radial immersion. However, the less effective parameter on 
surface roughness is the axial depth of cut. The contributions of the machining 
parameters of down milling process for the surface roughness are cutting speed 
(42.61), helix angle (21.61%), feed rate (21.47%), radial of immersion (12.45%) and 
axial depth of cut (1.85%). Based on the S/N ratio and ANOVA analysis, the lowest 
surface roughness of the down milling process is found at level 4 of cutting speed 
(A4, 12000 rpm), level 4 of feed rate (B4, 0.04 mm/rev), level 1 of axial depth of cut 
(C1, 2 mm), level 3 of radial immersion (D3, 1.143 mm) and level 3 of the helix 
angle (E2, 400).  
4- The most effective parameter on surface roughness of the combination of up and 
down milling processes with excluding the unstable cuts is the feed rate, next 
effective parameter is the helix angle then cutting speed and then radial immersion. 
However, the less effective parameter on surface roughness is the axial depth of cut. 
The contributions of the machining parameters of the combination of stable up and 
down milling process for the surface roughness are feed rate (30.98%), helix angle 
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(23.24%), cutting speed (16.7%), radial of immersion (16%) and axial depth of cut 
(13.08%). Based on the S/N ratio and ANOVA analysis, the lowest surface roughness 
of the milling process is found at level 4 of cutting speed (A4, 12000 rpm), level 4 of 
feed rate (B4, 0.04 mm/rev), level 4 of axial depth of cut (C4, 3.5 mm), level 3 of 
radial immersion (D3, 1.151 mm), level 3 of the helix angle (E3, 400) and level 2 of 
milling type (F2, down milling). 
 
Based on the RSM methodology analysis, the lowest surface roughness of the end 
milling process is as follows: 
1- The lowest surface roughness of the slot milling process is found at level 3 of cutting 
speed (A3, 718.2 m/min), level 3 of feed rate (B3, 0.12 mm / rev) and level 1 of axial 
depth of cut (C1, 1 mm).  
2- The lowest surface roughness for up milling process is found at level 4 of cutting 
speed (A4, 12000 rpm), level 1 of feed rate (B1, 0.01 mm/rev), level 1 of axial depth 
of cut (C1, 2 mm), level 4 of radial immersion (D4, 1.524 mm) and level 2 of the 
helix angle (E2, 350). 
3- The lowest surface roughness for down milling process is found at level 4 of cutting 
speed (A4, 12000 rpm), level 4 of feed rate (B4, 0.04 mm/rev), axial depth of cut 
(3.2157 mm), level 1 of radial immersion (D1, 0.381 mm) and level 3 of the helix 
angle (E400). 
4- The lowest surface roughness of the milling process is found at level 4 of cutting 
speed (A4, 12000 rpm), level 4 of feed rate (B4, 0.04 mm/rev), level 4 of axial depth 
of cut (C4, 3.5 mm), level 3 of radial immersion (D1, 0.381 mm), level 2 of the helix 
angle (E3, 350) and level 2 of milling type (F2, down milling). 
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This study shows how the stability condition of the milling process affects the 
optimization of the milling process. It is better to start the experimental design from 
stable points to increase the robustness of the parameter selection. 
  From experimental results of milling bifurcation study, the feed rate also does not 
affect the location of the bifurcation point so much. Some of the milling cases show slight 
increase in the axial depth of cut as the feed rate increases other cases show the opposite 
behavior. Thus, there is no clear evidence that the feed rate affects the bifurcation 
occurrence. Simulated bifurcation diagrams from the linear and nonlinear force models 
are compared with experimental bifurcation results of both increasing and decreasing 
axial depth of cut. The simulated bifurcation using the nonlinear model approximates the 
experimental data better than the linear model. Moreover, the worst result of the 
simulation is obtained from the linear model with including edge coefficients especially 
in deceasing axial depth of cut case.  
 
8.2 –Future work  
The following is a list of items that can extend this study. 
1- Perform experiments to discuss the cutting forces and stability of the end-milling 
process for different materials with and without coolant or lubrication. 
2- Optimize the milling process not only based on the surface finish but also by 
including the tool wear and material removal rate. 
3- Investigate the milling dynamics at high, medium and low speeds to study the 
effect of cutting speed variation on model parameters and cutting force 
coefficients. 
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APPENDIXES  
APPENDIX A: Experimental Forces Results 
 
This appendix illustrates the experimental and analytical forces in tangential, radial, 
x, y and z directions. The analytical forces are obtained using the average force method 
and optimization method for both linear and nonlinear force models. 
 
 
Fig. A1 Experimental forces in tangential, radial and axial directions using tool #1 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
 
Fig. A2. Experimental forces in x, y and z directions using tool #1 while cutting AL6061 at feed 
rate=0.2 mm/rev. 
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Fig. A3. Experimental and analytical force models  in tangential direction using tool #1 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A4. Experimental and analytical force models  in radial direction using tool #1 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A5. Experimental and analytical force models in x-direction using tool #1 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
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Fig. A6. Experimental and analytical force models in y-direction using tool #1 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A7. Experimental and analytical force models in z-direction using tool #1 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A8 Experimental forces in tangential, radial and axial directions using tool #2 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
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Fig. A9. Experimental forces in x, y and z directions using tool #2 while cutting AL6061 at feed 
rate=0.2 mm/rev. 
 
 
Fig. A10. Experimental and analytical force models in tangential direction using tool #2 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A11. Experimental and analytical force models in radial direction using tool #2 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
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Fig. A12. Experimental and analytical force models in x-direction using tool #2 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A13. Experimental and analytical force models in y-direction using tool #2 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A14. Experimental and analytical force models in z-direction using tool #2 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
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Fig. A15. Experimental forces in tangential, radial and axial directions using tool #3 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A16. Experimental forces in x, y and z directions using tool #3 while cutting AL6061 at 
feed rate=0.2 mm/rev. 
 
 
Fig. A17. Experimental and analytical force models in tangential direction using tool #3 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
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Fig. A18. Experimental and analytical force models in radial direction using tool #3 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A19. Experimental and analytical force models in x-direction using tool #3 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A20. Experimental and analytical force models in y-direction using tool #3 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
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Fig. A21. Experimental and analytical force models in z-direction using tool #3 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A22. Experimental forces in tangential, radial and axial directions using tool #4 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A23. Experimental forces in x, y and z directions using tool #4 while cutting AL6061 at 
feed rate=0.2 mm/rev. 
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Fig. A24. Experimental and analytical force models in tangential direction using tool #4 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A25. Experimental and analytical force models in radial direction using tool #4 while 
cutting AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A26. Experimental and analytical force models in x-direction using tool #4 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
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Fig. A27. Experimental and analytical force models in y-direction using tool #4 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A28. Experimental and analytical force models in z-direction using tool #4 while cutting 
AL6061 at feed rate=0.2 mm/rev. 
 
 
Fig. A29 Experimental forces in tangential, radial and axial directions using tool #1 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
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Fig. A30. Experimental forces in x, y and z directions using tool #1 while cutting AL7075 at 
feed rate=0.2 mm/rev. 
 
 
Fig. A31. Experimental and analytical force models in tangential direction using tool #1 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A32. Experimental and analytical force models in radial direction using tool #1 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
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Fig. A33. Experimental and analytical force models in x-direction using tool #1 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A34. Experimental and analytical force models in y-direction using tool #1 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A35. Experimental and analytical force models in z-direction using tool #1 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
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Fig. A36 Experimental forces in tangential, radial and axial directions using tool #2 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A37. Experimental forces in x, y and z directions using tool #2 while cutting AL7075 at 
feed rate=0.2 mm/rev. 
 
 
Fig. A38. Experimental and analytical force models in tangential direction using tool #2 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
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Fig. A39. Experimental and analytical force models in radial direction using tool #2 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A40. Experimental and analytical force models in x-direction using tool #2 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A41. Experimental and analytical force models in y-direction using tool #2 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
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Fig. A42. Experimental and analytical force models in z-direction using tool #2 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A43. Experimental forces in tangential, radial and axial directions using tool #3 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A44. Experimental forces in x, y and z directions using tool #3 while cutting AL7075 at 
feed rate=0.2 mm/rev. 
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Fig. A45. Experimental and analytical force models in tangential direction using tool #3 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A46. Experimental and analytical force models in radial direction using tool #3 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A47. Experimental and analytical force models in x-direction using tool #3 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
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Fig. A48. Experimental and analytical force models in y-direction using tool #3 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A49. Experimental and analytical force models in z-direction using tool #3 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A50. Experimental forces in tangential, radial and axial directions using tool #4 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
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Fig. A51. Experimental forces in x, y and z directions using tool #4 while cutting AL7075 at 
feed rate=0.2 mm/rev. 
 
 
Fig. A52. Experimental and analytical force models in tangential direction using tool #4 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
 
Fig. A53. Experimental and analytical force models in radial direction using tool #4 while 
cutting AL7075 at feed rate=0.2 mm/rev. 
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Fig. A54. Experimental and analytical force models in x-direction using tool #4 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
 
 
Fig. A55. Experimental and analytical force models in y-direction using tool #4 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
 
Fig. A56. Experimental and analytical force models in z-direction using tool #4 while cutting 
AL7075 at feed rate=0.2 mm/rev. 
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APPENDIX B: Experimental response of slot milling process 
 
This appendix illustrates the x and y response. Poincaré maps of a slot milling 
experiments are created and given to the right of each response diagram. The workpiece 
is made of aluminum alloy (AL6061-T6511). The tool specification is half-inch diameter 
(12.7 mm) end-mill, helix angle 300, two flutes and made of solid carbide. Modal 
parameters are 𝑚𝑥 = 𝑚𝑦 = 0.03 kg, 𝑐𝑥 = 𝑐𝑦 = 0.03 N.S /m, 𝑘𝑥 = 𝑘𝑦 = 0.03 N/m. 
 
Fig. B1. Experimental response of slot milling at Ω = 4080 rpm, f = 0.010 mm/rev and a = 0.5 
mm 
 
 
Fig. B2. Experimental response of slot milling at Ω = 4080 rpm, f = 0.015 mm/rev and a = 1.0 
mm 
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Fig. B3. Experimental response of slot milling at Ω = 4080 rpm, f = 0.020 mm/rev and a = 1.5 
mm 
 
 
Fig. B4. Experimental response of slot milling at Ω = 4920 rpm, f = 0.015 mm/rev a = 1.0 mm 
 
 
Fig. B5. Experimental response of slot milling at Ω = 4920 rpm, f = 0.015 mm/rev and a = 1.5 
mm 
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Fig. B6. Experimental response of slot milling at Ω = 4920 rpm, f = 0.020 mm/rev and a = 0.5 
mm 
 
Fig. B7. Experimental response of slot milling at Ω = 6240 rpm, f = 0.01 mm/rev and a = 1.5 
mm 
 
Fig. B8. Experimental response of slot milling at Ω = 6240 rpm, f = 0.015 mm/rev and a = 0.5 
mm 
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Fig. B9. Experimental response of slot milling at Ω = 6240 rpm, f = 0.02 mm/rev and a = 1.0 
mm 
 
Fig. B10. Experimental response of slot milling at Ω = 7080 rpm, f = 0.01 mm/rev and a = 0.5 
mm 
 
Fig. B11. Experimental response of slot milling at Ω = 7080 rpm, f = 0.015 mm/rev and a = 1.0 
mm 
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Fig. B12. Experimental response of slot milling at Ω = 7080 rpm, f = 0.02 mm/rev and a = 1.5 
mm 
 
 
Fig. B13. Experimental response of slot milling at Ω = 8280 rpm, f = 0.01 mm/rev and a = 1.0 
mm 
 
Fig. B14. Experimental response of slot milling at Ω = 8280 rpm, f = 0.015 mm/rev and a = 1.5 
mm 
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Fig. B15. Experimental response of slot milling at Ω = 8280 rpm, f = 0.02 mm/rev and a =0.5 
mm 
 
 
Fig. B16. Experimental response of slot milling at Ω = 9000 rpm, f = 0.01 mm/rev and a = 1.5 
mm 
 
Fig. B17. Experimental response of slot milling at Ω = 9000 rpm, f = 0.015 mm/rev and a = 0.5 
mm 
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Fig. B18. Experimental response of slot milling at Ω = 9000 rpm, f = 0.02 mm/rev and a = 1.0 
mm 
 
Fig. B19. Experimental response of slot milling at Ω = 10080 rpm, f = 0.01 mm/rev and a = 0.5 
mm 
 
Fig. B20. Experimental response of slot milling at Ω = 10080 rpm, f = 0.015 mm/rev and a = 
1.0 mm 
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Fig. B21. Experimental response of slot milling at Ω = 10080 rpm, f = 0.02 mm/rev and a = 1.5 
mm 
 
 
Fig. B22. Experimental response of slot milling at Ω = 12120 rpm, f = 0.01 mm/rev and a = 1.0 
mm 
 
 
Fig. B23. Experimental response of slot milling at Ω =12120 rpm, f = 0.015 mm/rev and a = 1.5 
mm 
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Fig. B24. Experimental response of slot milling at Ω =12120 rpm, f = 0.020 mm/rev and a = 0.5 
mm 
 
Fig. B25. Experimental response of slot milling at Ω = 14040 rpm, f = 0.01 mm/rev and a = 1.5 
mm 
 
Fig. B26. Experimental response of slot milling at Ω =14040 rpm, f = 0.015 mm/rev and a = 0.5 
mm 
0 1 2 3 4 5 6
-0.02
-0.01
0
0.01
0.02
Time(sec)
x
 (
m
m
)
-0.02 0 0.02
-0.02
-0.01
0
0.01
0.02
x(t)
x
(t
+
T
)
0 1 2 3 4 5 6
-0.02
0
0.02
Time(sec)
y
 (
m
m
)
-0.02 0 0.02
-0.02
0
0.02
y(t)
y
(t
+
T
)
Poincare Section
0 2 4 6 8 10
-0.2
-0.1
0
0.1
0.2
Time(sec)
x
 (
m
m
)
-0.2 0 0.2
-0.2
-0.1
0
0.1
0.2
x(t)
x
(t
+
T
)
0 2 4 6 8 10
-0.1
0
0.1
Time(sec)
y
 (
m
m
)
-0.1 0 0.1
-0.1
0
0.1
y(t)
y
(t
+
T
)
Poincare Section
0 1 2 3 4 5 6 7 8
-0.02
0
0.02
Time(sec)
x
 (
m
m
)
-0.02 0 0.02
-0.02
0
0.02
x(t)
x
(t
+
T
)
0 1 2 3 4 5 6 7 8
-0.02
0
0.02
Time(sec)
y
 (
m
m
)
-0.02 0 0.02
-0.02
0
0.02
y(t)
y
(t
+
T
)
Poincare Section
  
 
203 
 
Fig. B27. Experimental response of slot milling at Ω = 14040 rpm, f = 0.02 mm/rev and a = 1.5 
mm 
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APPENDIX C: Experimental response of end-milling process  
 
This appendix illustrates the x and y response and Poincaré maps of end milling 
experiments are created and given to the right of each response diagram. The workpiece 
is made of aluminum alloy (AL6061-T6511). All tools made of solid carbide. Also, they 
have the same length, 6 inch (152.4 mm) and the same diameter, half-inch (12.7 mm). 
However, they have different helix angles 300, 350, 400 and 450 respectively.  
 
Fig. C1. Experimental response of up milling at Ω = 6000 rpm, f = 0.010 mm/rev, a = 2.0 mm, 
radial immersion 3% and 30 degree helix angle.  
 
 
Fig. C2. Experimental response of up milling at Ω = 6000 rpm, f = 0.020 mm/rev, a = 2.5 mm, 
radial immersion 6% and 35 degree helix angle.  
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Fig. C3. Experimental response of up milling at Ω = 6000 rpm, f = 0.030 mm/rev, a = 3.0 mm, 
radial immersion 9% and 40 degree helix angle.  
 
Fig. C4 Experimental response of up milling at Ω = 6000 rpm, f = 0.040 mm/rev, a = 3.5 mm, 
radial immersion 12% and 45 degree helix angle.  
 
 
Fig. C5. Experimental response of up milling at Ω = 8040 rpm, f = 0.010 mm/rev, a = 2.5 mm, 
radial immersion 9% and 45 degree helix angle.  
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Fig. C6. Experimental response of up milling at Ω = 8040 rpm, f = 0.020 mm/rev, a = 2.0 mm, 
radial immersion 12% and 40 degree helix angle. 
 
 
Fig. C7. . Experimental response of up milling at Ω = 8040 rpm, f = 0.030 mm/rev, a = 3.5 mm, 
radial immersion 3% and 35 degree helix angle. 
 
Fig. C8. . Experimental response of up milling at Ω = 8040 rpm, f = 0.040 mm/rev, a = 3.0 mm, 
radial immersion 6% and 30 degree helix angle. 
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Fig. C9. Experimental response of up milling at Ω =10080 rpm, f = 0.010 mm/rev, a = 3.0 mm, 
radial immersion 12% and 35 degree helix angle. 
 
 
Fig. C10. Experimental response of up milling at Ω =10080 rpm, f = 0.020 mm/rev, a = 3.5 
mm, radial immersion 9% and 30 degree helix angle. 
 
Fig. C11. Experimental response of up milling at Ω =10080 rpm, f = 0.030 mm/rev, a = 2.0 
mm, radial immersion 6% and 45 degree helix angle. 
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Fig. C12. Experimental response of up milling at Ω =10080 rpm, f = 0.040 mm/rev, a = 2.5 
mm, radial immersion 3% and 40 degree helix angle. 
 
 
Fig. C13. Experimental response of up milling at Ω =12000 rpm, f = 0.010 mm/rev, a = 3.5 
mm, radial immersion 6% and 40 degree helix angle. 
 
Fig. C14. . Experimental response of up milling at Ω =12000 rpm, f = 0.020 mm/rev, a = 3.0 
mm, radial immersion 3% and 45 degree helix angle. 
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Fig. C15. Experimental response of up milling at Ω =12000 rpm, f = 0.030 mm/rev, a = 2.5 
mm, radial immersion 12% and 30 degree helix angle. 
 
Fig. C16. Experimental response of up milling at Ω =12000 rpm, f = 0.040 mm/rev, a = 2.0 
mm, radial immersion 9% and 35 degree helix angle. 
 
Fig. C17. Experimental response of down milling at Ω = 6000 rpm, f = 0.010 mm/rev, a = 2.0 
mm, radial immersion 3% and 30 degree helix angle.  
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Fig. C18. Experimental response of down milling at Ω = 6000 rpm, f = 0.020 mm/rev, a = 2.5 
mm, radial immersion 6% and 35 degree helix angle.  
 
Fig. C19. Experimental response of down milling at Ω = 6000 rpm, f = 0.030 mm/rev, a = 3.0 
mm, radial immersion 9% and 40 degree helix angle.  
 
Fig. C20 Experimental response of down milling at Ω = 6000 rpm, f = 0.040 mm/rev, a = 3.5 
mm, radial immersion 12% and 45 degree helix angle.  
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Fig. C21. Experimental response of down milling at Ω = 8040 rpm, f = 0.010 mm/rev, a = 2.5 
mm, radial immersion 9% and 45 degree helix angle.  
 
 
Fig. C22. Experimental response of down milling at Ω = 8040 rpm, f = 0.020 mm/rev, a = 2.0 
mm, radial immersion 12% and 40 degree helix angle. 
 
Fig. C23. . Experimental response of down milling at Ω = 8040 rpm, f = 0.030 mm/rev, a = 3.5 
mm, radial immersion 3% and 35 degree helix angle. 
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Fig. C24. . Experimental response of down milling at Ω = 8040 rpm, f = 0.040 mm/rev, a = 3.0 
mm, radial immersion 6% and 30 degree helix angle. 
 
Fig. C25. Experimental response of down milling at Ω =10080 rpm, f = 0.010 mm/rev, a = 3.0 
mm, radial immersion 12% and 35 degree helix angle. 
 
Fig. C26. Experimental response of down milling at Ω =10080 rpm, f = 0.020 mm/rev, a = 3.5 
mm, radial immersion 9% and 30 degree helix angle. 
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Fig. C27. Experimental response of down milling at Ω =10080 rpm, f = 0.030 mm/rev, a = 2.0 
mm, radial immersion 6% and 45 degree helix angle. 
 
Fig. C28. Experimental response of down milling at Ω =10080 rpm, f = 0.040 mm/rev, a = 2.5 
mm, radial immersion 3% and 40 degree helix angle. 
 
 
Fig. C29. Experimental response of down milling at Ω =12000 rpm, f = 0.010 mm/rev, a = 3.5 
mm, radial immersion 6% and 40 degree helix angle. 
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Fig. C30. . Experimental response of down milling at Ω =12000 rpm, f = 0.020 mm/rev, a = 3.0 
mm, radial immersion 3% and 45 degree helix angle. 
 
Fig. C31. Experimental response of down milling at Ω =12000 rpm, f = 0.030 mm/rev, a = 2.5 
mm, radial immersion 12% and 30 degree helix angle. 
 
 
Fig. C32. Experimental response of down milling at Ω =12000 rpm, f = 0.040 mm/rev, a = 2.0 
mm, radial immersion 9% and 35 degree helix angle. 
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APPENDIX D: Bifurcation Plots  
 
This appendix illustrates the bifurcation diagrams of the end milling experiments at 
low radial immersions. Tool tip displacement in x and y directions are plotted in blue. On 
the other hand, the tool tip displacement per revolution in x and y are plotted in red. The 
Poincaré maps are given to the right of each bifurcation diagram. Poincaré maps are 
created from sections between 4.56 mm and 4.8 mm of the depth of cut, a. All milling 
cuts for studying the milling bifurcation are performed at spindle speed of 16080 rpm 
while the feed rate is changed from 0.08 mm/rev to 0.14 mm/rev in steps of 0.02 mm/rev. 
In addition, two radial of immersions are used 3% (0.381 mm) and 5% (0.635 mm).     
 
 
Fig. D1. Experimental displacement for increasing cut of up milling process at 0.08 mm/rev 
feed rate and 3% radial of immersions. 
 
 
Fig. D2. Experimental displacement for decreasing cut of up milling process at 0.08 mm/rev 
feed rate and 3% radial of immersions. 
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Fig. D3. Experimental displacement for increasing cut of up milling process at 0.10 mm/rev 
feed rate and 3% radial of immersions. 
 
 
Fig. D4. Experimental displacement for decreasing cut of up milling process at 0.10 mm/rev 
feed rate and 3% radial of immersions. 
 
 
Fig. D5. Experimental displacement for increasing cut of up milling process at 0.12 mm/rev 
feed rate and 3% radial of immersions. 
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Fig. D6. Experimental displacement for decreasing cut of up milling process at 0.12 mm/rev 
feed rate and 3% radial of immersions. 
 
 
Fig. D7. Experimental displacement for increasing cut of up milling process at 0.14 mm/rev 
feed rate and 3% radial of immersions. 
 
 
Fig. D8. Experimental displacement for decreasing cut of up milling process at 0.14 mm/rev 
feed rate and 3% radial of immersions. 
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Fig. D9. Experimental displacement for increasing cut of down milling process at 0.08 mm/rev 
feed rate and 3% radial of immersions. 
 
 
Fig. D10. Experimental displacement for decreasing cut of down milling process at 0.08 
mm/rev feed rate and 3% radial of immersions. 
 
 
Fig. D11. Experimental displacement for increasing cut of down milling process at 0.10 
mm/rev feed rate and 3% radial of immersions. 
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Fig. D12. Experimental displacement for decreasing cut of down milling process at 0.10 
mm/rev feed rate and 3% radial of immersions. 
 
 
Fig. D13. Experimental displacement for increasing cut of down milling process at 0.12 
mm/rev feed rate and 3% radial of immersions. 
 
 
Fig. D14. Experimental displacement for decreasing cut of down milling process at 0.12 
mm/rev feed rate and 3% radial of immersions. 
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Fig. D15. Experimental displacement for increasing cut of down milling process at 0.14 
mm/rev feed rate and 3% radial of immersions. 
 
 
Fig. D16. Experimental displacement for decreasing cut of down milling process at 0.14 
mm/rev feed rate and 3% radial of immersions 
 
 
Fig. D17. Experimental displacement for increasing cut of up milling process at 0.08 mm/rev 
feed rate and 5% radial of immersions. 
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Fig. D18. Experimental displacement for decreasing cut of up milling process at 0.08 mm/rev 
feed rate and 5% radial of immersions. 
 
 
Fig. D19. Experimental displacement for increasing cut of up milling process at 0.10 mm/rev 
feed rate and 5% radial of immersions. 
 
 
Fig. D20. Experimental displacement for decreasing cut of up milling process at 0.10 mm/rev 
feed rate and 5% radial of immersions. 
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Fig. D21. Experimental displacement for increasing cut of up milling process at 0.12 mm/rev 
feed rate and 5% radial of immersions. 
 
 
Fig. D22. Experimental displacement for decreasing cut of up milling process at 0.12 mm/rev 
feed rate and 5% radial of immersions. 
 
 
Fig. D23. Experimental displacement for increasing cut of up milling process at 0.14 mm/rev 
feed rate and 5% radial of immersions. 
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Fig. D24. Experimental displacement for decreasing cut of up milling process at 0.14 mm/rev 
feed rate and 5% radial of immersions. 
 
 
Fig. D25. Experimental displacement for increasing cut of down milling process at 0.08 
mm/rev feed rate and 5% radial of immersions. 
 
 
Fig. D26. Experimental displacement for decreasing cut of down milling process at 0.08 
mm/rev feed rate and 5% radial of immersions. 
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Fig. D27. Experimental displacement for increasing cut of down milling process at 0.10 
mm/rev feed rate and 5% radial of immersions. 
 
 
Fig. D28. Experimental displacement for decreasing cut of down milling process at 0.10 
mm/rev feed rate and 5% radial of immersions. 
 
 
Fig. D29. Experimental displacement for increasing cut of down milling process at 0.12 
mm/rev feed rate and 5% radial of immersions. 
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Fig. D30. Experimental displacement for decreasing cut of down milling process at 0.12 
mm/rev feed rate and 5% radial of immersions. 
 
 
Fig. D31. Experimental displacement for increasing cut of down milling process at 0.14 
mm/rev feed rate and 5% radial of immersions. 
 
 
Fig. D32. Experimental displacement for decreasing cut of down milling process at 0.14 
mm/rev feed rate and 5% radial of immersions. 
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